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Abstract

In the field of quantum information spin ensembles are promising candidates for quan-

tum information storage and processing. This requires an efficient interface between the

spin ensemble and a suitable quantum circuit, providing a control interface and a bus

system for quantum information. In solid-state based quantum information processing

this can be realized e.g. by coupling natural paramagnetic spins contained in a host ma-

terial to a superconducting microwave resonator. The resulting hybrid system harnesses

the advantages of both constituents, combining fast processing elements and long term

memory elements. To allow for a coherent and loss-free exchange of information between

the two constituents, strong coupling is a mandatory requirement. For a hybrid system

operating in the strong coupling regime, the rate information exchange is much larger

than the individual loss rates of the subsystems. Promising candidates for possible quan-

tum information applications are phosphorus donors in isotopically purified 28Si, due to

their exceptionally long electron and nuclear coherence times. Utilizing these remarkable

properties in the field of quantum information, would impose a major step towards the

realization of all silicon quantum computation.

This thesis focus is on the investigation of the interaction between a superconduct-

ing microwave resonator and an ensemble of phosphorus donors in a 28Si host crystal.

The interaction is studied for two different designs of microwave resonators, a coplanar

waveguide resonator and a lumped element resonator, differing in geometrical size and the

number of harmonic modes. At millikelvin temperatures, the hybrid system comprising

the coplanar waveguide resonator is found to operated in a regime of high cooperativity,

while using the lumped element resonator strong coupling could be achieved. This is the

first demonstration of strong coupling between a phosphorus donor spin ensemble in silicon

and a superconducting microwave resonator.

The hybrid system is studied under the influence of pulsed microwave excitation in

the time domain. An additional third hybrid mode is discovered, when the hybrid system

is driven in a steady state by a single high power, long microwave pulse. Also, the free

induction decay of the third hybrid mode is found to be greatly enhanced, compared to

the decay time of an uncoupled spin ensemble. The relaxation and coherence times of the

coupled system are extracted by pulsed microwave spectroscopy techniques, like Hahn-

echo and inversion recovery sequences. An exceptional enhancement in coherence time of

more than two orders of magnitude is found for the lowest temperature with respect to

the uncoupled spin system.
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Zusammenfassung

Auf dem Gebiet der Quanteninformation repräsentieren Ensembles von Spins vielver-

sprechende Kandidaten für die Quanteninformationsspeicherung und -verarbeitung. Dies

erfordert eine effiziente Schnittstelle zwischen dem Spinensemble und einer geeigneten

Quantenschaltung, welche als Kontrolle und als Bussystem für die Quanteninformatio-

nen dienen soll. In der festkörperbasierten Quanteninformationsverarbeitung kann dies

beispielsweise durch die Kopplung paramagnetischer Spins, in einem Festkörper, an einen

supraleitenden Mikrowellenresonator realisiert werden. Das sich ergebende Hybridsystem

nutzt die Vorteile beider Komponenten und vereint schnelle Prozessierung mit langlebi-

gen Speicherelementen. Um für einen kohärenten und verlustfreien Informationsaustausch

zwischen den beiden Subsystemen zu garantieren, ist eine starke Kopplung zwingend Er-

forderlich. Ein Hybridsystem, das in dem Regime der starken Kopplung betrieben wird,

tauscht mit einer Rate Information aus, die um ein vielfaches schneller ist als die Ver-

lustraten der beiden Komponenten. Dabei sind Phosphordonatoren in isotopenreinen
28Si besonders vielversprechende Kandidaten für mögliche Anwendungen im Gebiet der

Quanteninformation, aufgrund der außergewöhnlich langen Kohärenzzeiten des Elektron-

spins und des Kernspins. Wenn diese bemerkenswerten Eigenschaften für das Gebiet der

Quanteninformation nutzbar gemacht werden können, würde dies einem großen Schritt in

Richtung der Realisierung eines siliziumbasierten Quantencomputers entsprechen.

Diese Arbeit konzentriert sich auf die Untersuchung der Wechselwirkung zwischen

einem supraleitenden Mikrowellenresonator und einem Spinensemble bestehend aus Phos-

phordonatoren in einem 28Si Kristall. Dabei wird die Interaktion für zwei verschiedene

Ausführungen von Mikrowellenresonatoren studiert, einem koplanaren Wellenleiterres-

onator und einem koplanaren LC-Schwingkreis untersucht, welche sich in der geometrischen

Größe und der Anzahl von harmonischen Moden unterscheiden. Bei millikelvin Temper-

aturen wird das Hybridsystem, welches den koplanaren Wellenleiterresonator umfasst, in

einem Regime hoher Kooperativität gefunden, während für das Hybridsystem, welches auf

den koplanaren LC-Schwingkreis basiert, starke Kopplung realisiert wurde. Dies repräsen-

tiert die erste Demonstration von starker Kopplung zwischen einem Spinensemble aus

Phosphordonatoren in Silizium und einem supraleitenden Mikrowellenresonator.

Des weiteren wird das Hybridsystem mittels Mikrowellenpulsen in der Zeitdomäne

untersucht. Wenn das Hybridsystem mit einem intensiven, langen Mikrowellenimpuls

in einen Gleichgewichtszustand getrieben wird, kann eine zusätzliche dritte Hybridmode

beobachtet werden. Verglichen mit dem freien Induktionszerfalls eines ungekoppelten

Spinensembles, weißt diese dritte Hybridmode auch eine stark verlängerte Zerfallszeit

auf. Zusätzlich werden die Relaxationszeiten und Kohärenzzeiten des gekoppelten Systems

mittels gepulsten Mikrowellenspektroskopietechniken extrahiert, wie der Hahn-Echo- und

der Inversionserholungssequenz. Bei tiefsten Temperaturen, wird eine außergewöhnliche

Verlängerung der Kohärenzzeit von mehr als zwei Größenordnungen festgestellt, bezogen

auf die Kohärenzzeit eines ungekoppelten Spinsystems.

Realisierung von starker Kopplung zwischen einem supraleitenden Mikrowellenres-

onator und einem Spinensemble von Phosphordonatoren in isotopenreinen Silizium-28. Die
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dynamischen Eigenschaften des Hybridsystems wurden bei mK Temperaturen und extrem

niedrigen Mikrowellenleistungen untersucht. Mittels gepulster Mikrowellenspektroskopie

wurde eine deutliche Verlängerung der Kohärenzzeit des Hybridsystems im Vergleich zu

der eines ungekoppelten Spinsystems festgestellt.
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Chapter1
Introduction

“And to this end they built themselves a stupendous super-computer which was so amaz-

ingly intelligent that even before its data banks had been connected up it had started from

I think therefore I am and got as far as deducing the existence of rice pudding and income

tax before anyone managed to turn it off.” [1] A computer capable of giving “the Answer

to the Great Question of Life, the Universe and Everything” [1] must have an exceptional

computational performance. It is unclear, weather a classical computer could ever be able

to perform such a task. On the other hand, a computer utilizing the laws of quantum

mechanics for computation, could be able to give an answer to this question. Nowadays,

much effort is put into the realization of an actual working quantum computer [2]. This

comprises the field of quantum information processing, in which classical bits are replaced

by quantum bits, comprised of two level system. Due to the quantum mechanical nature,

not only the two corresponding energy levels of the system are accessible, but also their

superposition states. This increases the amount of information possibly processed by a

single quantum bit, in reference to a classical bit. For specific problems, quantum comput-

ers are in principal able to compute much larger amounts of data, than classical computers

on a same time scale. However, for the computation of “the Answer to the Great Question

of Life, the Universe and Everything” [1], long term quantum information storage would

be required.

In solid-state based quantum information processing, fast quantum processing elements

are complemented by quantum memories [3]. Typically these two elements come with

opposing requirements. Long storage times depend on systems well isolated from their en-

vironment [4,5], while fast operating elements rely heavily on strong interactions amongst

themselves and to control circuits [2, 6]. One approach to reconcile these contradictory

requirements is to combine both memory and operating elements in a hybrid circuit, har-

nessing the advantages of both constituents. To maintain the quantum mechanical nature

of the processed information, it is imperative to establish a strong coupling between these

elements. For a strongly coupled system the rate on which information is exchanged be-

tween the two systems, is much larger than their individual loss rates, assuring a coherent

and loss-free information transfer. On this basis, quantum networks of fast processing

units and long storage elements could be realized by strongly coupling them to a common

quantum bus system [7,8].

Promising candidates for storage elements are spin ensembles due to their long coher-

1
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ence times [4, 5, 9–11], while for quantum processing elements superconducting quantum

circuits are well established [2, 3, 6, 7, 12, 13]. The volatile nature of quantum informa-

tion, demands an environment, where disturbing sources of noise are inhibited. Typically,

this is resolved by operating these elements at millikelvin temperatures and GHz fre-

quencies, a regime in which both elements can be combined naturally. A multitude of

experiments demonstrated the preparation of quantum states using superconducting cir-

cuits [2,6,7,12,13]. Complementary, the implementation of (classical) information storage

and retrieval protocols were realized for natural spin systems such as nitrogen vacancy (NV)

centers in diamond [8, 14, 15] and phosphorus donors in silicon [16]. Additionally, strong

coupling between microwave resonators and spin ensembles was demonstrated for NV cen-

ters [17–20] and P1 centers [21] in diamond, Cr impurities in sapphire [22], DPPH [23] and

erbium centers in Y2SiO5 [24] as well as for exchange-coupled magnetic systems [25–29].

During the course of this thesis, high cooperativity between phosphorus donors in

silicon and a superconducting microwave resonator has been demonstrated [3]. Phospho-

rus dopants in isotopically purified 28Si are a benchmark system due to their exceptionally

long electron and nuclear coherence times exceeding 0.5 s and 39 min, respectively [4,5,11].

Harnessing these remarkable qualities for possible quantum information applications, could

constitute to a major “quantum” leap in this field of research. Furthermore, to block ex-

ternal unwanted interactions with thermal photons, the constituents of a quantum circuit

are required to be operated at millikelvin temperatures, a temperature regime rather un-

explored for phosphorus donors in silicon [11, 30]. Especially, the limiting decoherence

mechanisms in this regime are still unknown and of present interest [4, 5, 11]. As a long

coherence time is essential for a quantum memory, an identification of the limiting mecha-

nisms allows to effectively circumvent these processes, prolonging the storage capabilities.

When considering the phosphorus donors as part of a strongly coupled hybrid system,

little is known about the effect on the characteristic time constants of the spin system. So

far, the investigations focused on spin ensembles weakly coupled to microwave resonators,

concerning the implementation of read and write protocols [8, 14, 15] as well as the en-

hanced spontaneous emission of a spin ensemble into a resonator [31–34]. For the strong

coupling regime, the so-called cavity protection effect is proposed [35, 36], which protects

an spin ensemble from decoherence, and was recently demonstrated experimentally [20].

Furthermore, a preparation of long living collective dark states in a strongly coupled sys-

tem, due to spectral hole burning or by a magnon gradient memory, the coherence of the

collective states could even more prolonged [37–39]. The latter experiments demonstrated

that strong coupling can have a significant influence on the decoherence mechanisms of

the individual systems, when prepared accordingly. However, a systematic study of the

coherence time T2 or the energy relaxation time T1 of a spin ensemble, strongly coupled to

a microwave resonator still is missing.

Concerning this matter, two pioneering accomplishments are achieved during the course

of this thesis. Firstly, by demonstrating strong coupling between an ensemble of phospho-

rus donor spins and a superconducting microwave resonator for the first time, and secondly,

by studying the hybrid system’s coherence time and relaxation time in the strong coupling

regime as well as in the weak coupling regime.

The thesis begins with a presentation of the individual elements, comprising the hybrid

system under investigation in chapter 2. The utilized designs of superconducting coplanar

microwave resonators are presented and their characteristics are discussed. Next, the spin
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ensemble of choice is introduced, consisting of phosphorus donors in isotopically purified
28Si. The chapter closes by introducing the experimental setup, comprising the combined

cryogen free pulse tube cooler - dilution refrigerator cryostat, the microwave delivery and

detection equipment and the sample mounting.

Chapter 3 comprises the continuous wave spectroscopy on the coupled system. Be-

ginning with a characterization of the microwave damping of the measurement setup’s

microwave circuit. In addition, the dependence of the microwave resonator’s resonance

frequency on the applied static magnetic field is studied and modeled. To introduce the

concepts in coupled system dynamics, the underlying theoretical framework is briefly out-

lined. Next, the spectroscopic investigations on the interaction between a superconducting

coplanar waveguide resonator with an ensemble of phosphorus donors in a 28Si crystal are

presented. The microwave transmission is analyzed, finding the coupled system in a regime

of high cooperativity, where the determined collective coupling is in the same order of

magnitude as the loss rate of the spin ensemble. The experimental result on the collective

coupling is compared with a numerical calculation of the coupling strength. The loss rate

of the spin ensemble is found to be significantly larger than expected for phosphorus donors

in isotopically purified 28Si, and the possible source of this difference is discussed. Lastly,

the collective coupling is investigated for temperatures ranging from 50 mK to 3.5 K. The

found dependence on temperature is described by a statistical function, comprising the

thermal spin polarization of the phosphorus donor spin ensemble. Finally, the interaction

between a superconducting coplanar lumped element resonator with an ensemble of phos-

phorus donors in a 28Si crystal is studied. The spectroscopic characterization shows, that

the hybrid system operates in the strong coupling regime, demonstrating for the first time

strong coupling for phosphorus donors in silicon. The microwave transmission exhibited

an asymmetric linewidth in the normal mode splitting of the microwave resonator, which

is completely unexpected from the Tavis-Cummings model. The asymmetric linewidth is

modeled by assuming a complex microwave drive in addition to an incoherent coupling

process, via an incoherent bath of frequency modes.

Chapter 4 presents the results obtained from pulsed microwave spectroscopy on the

hybrid system. First, the hybrid system is studied when stimulated by a high power, single

long microwave pulse, which drives the system into a steady state. The response of the

hybrid system during and after this pulse application is analyzed. Thereby, an additional

third hybrid mode is found, which has, up to now, never been observed experimentally.

The free induction decay of the hybrid system, following the microwave pulse, showed a

remarkable enhancement of the decay time, in respect to the decay time of an uncoupled

spin ensemble. The hybrid system is assumed to couple to subradiant energy states,

which are protected against decoherence, prolonging the free induction decay. Next, the

coherence time T2 of the hybrid system is investigated, using Hahn echo spectroscopy. The

coherence time is determined for temperatures ranging from 50 mK up to 4 K and compared

to the results obtained from conventional pulsed electron spin resonance for temperatures

from 6 K to 15 K. For the hybrid system, an exceptional enhancement in coherence time

of more than two orders of magnitude is found for the lowest temperature, compared to

the time extracted at 6 K. In the final part of this chapter the relaxation time T1 of the

hybrid system is studied. By means of inversion recovery spectroscopy, the relaxation time

is determined for temperatures between 50 mK and 4 K and is also compared to results for

temperatures ranging from 6 K to 13 K, determined by conventional pulsed electron spin
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resonance. Down to a temperature of 230 mK the relaxation time exhibits a temperature

dependence as expected from an uncoupled spin ensemble. Below this temperatures, the

T1 time is found to increase strongly with decreasing temperature, differing significantly

from the expected temperature independent behavior.

The thesis closes with a summary and conclusion in chapter. 5.



Chapter2
Methods

To study the interaction between photons and an ensemble of spins an appropriate envi-

ronment has to be established. In the framework of this thesis a solid-state based approach

is chosen. Here, the photon field is contained in a superconducting microwave resonator

formed by coplanar microstructures made of a thin niobium film. Thereby, two different

designs of thin film resonator structures are presented, the coplanar waveguide resonator

and the lumped element resonator. These one dimensional resonators can be designed to

have a very small mode volume, thus greatly enhancing the strength of the resonator pho-

ton field and consequently the interaction with a spin [40]. The spin ensemble is contained

in an isotopically purified silicon-28 host crystal consisting of phosphorus donors. At the

temperature of interest, the donor can be understood as a localized electron with an elec-

tron spin S = 1/2 and a nuclear spin I = 1/2. A donor concentration of [P] = 1×1017 cm−3

is used, for which the spins ensemble is paramagnetic and spin-spin interactions are weak,

allowing to describe the spin ensemble to first order by its single donor spin features. Us-

ing magnetic fields the spin ensemble’s electron spin transition frequency can be brought

in resonance with a microwave resonator, where both systems will exchange excitation

quanta. For an efficient exchange process a large spin polarization is desirable, which can

be achieved by increasing the ratio between the Zeeman energy and the thermal energy.

Since the interaction with a microwave resonator restricts the spin ensemble’s transition

frequency to the GHz range, the Zeeman energy cannot be chosen arbitrary. Alternatively,

large spin polarizations can be achieved by cooling the two systems to millikelvin temper-

atures. To this end, a cryogen free dilution refrigerator is employed in combination with

microwave generation and detection equipment to perform the experiments. Finally, the

mounting of the resonator and spin ensemble in a sample box is presented, which allows

their integration into the measurement setup.

2.1 Superconducting Coplanar Microwave Resonators

In the course of this thesis two different designs of coplanar microwave resonators were

employed to study the interaction between photons and spins. Both designs are such, that

their resonance frequencies are in the 5 − 6 GHz range, to allow for a direct comparison.

In the following, their design parameters and fabrication process are presented, in addition

to their integration in the microwave circuitry of the cryogenic measurement setup.

5



6 2.1 Superconducting Coplanar Microwave Resonators

2.1.1 Superconducting Coplanar Waveguide Resonator

A coplanar waveguide resonator (CPWR) is a thin metallic film structure on top of a

substrate. The structure consists of a center conductor of width w and two adjacent

ground planes separated each by a gap of width s, as illustrated in Fig. 2.1 (a). Basically, a

coplanar waveguide (CPW) can be seen as a two dimensional version of a coaxial line, with

the center conductor carrying the microwave signal and the ground planes serving as the

outer conductor. When introducing two cuts in the center conductor of such a microwave

transmission line, boundary conditions for the microwave are modified in the sense, that

these cuts represent impedance mismatch points or open boundaries. These two cuts

are also termed coupling capacitances, which are engineered to allow microwave photons

to couple in or out of the separated resonator structure. The length l of the separated

resonator structure defines the boundary conditions of the electromagnetic wave, which

forms a standing wave pattern. The corresponding eigenfrequencies of the microwave

resonator are given by [41]

ωr,n

2π
=

c

2l
√
ε
eff

(n+ 1), n = 0, 1, 2, ... , l =
λr

2
. (2.1)

This type of resonator can theoretically support an infinite number of resonant modes

n, with the fundamental mode having a wavelength of λr/2, hence they are also known

as λ/2-transmission line resonators. Assuming a nonmagnetic dielectric the microwaves

vacuum velocity of the speed of light c is reduced by an effective permittivity ε
eff

. This

effective permittivity is a combination of the two hemispheres of the stucture, the dielectric

below (substrate) and above (vacuum) the CPW structure. For a CPW on a substrate of

finite thickness h, the effective permittivity is given by [42]

ε
eff

= 1 +
ε− 1

2

K(k1)

K(k′
1
)

K(k′
0
)

K(k0)
, (2.2)

where ε represents the dielectric constant of the substrate and K denotes the complete

elliptic integral of the first kind. The arguments of K are

k0 =
w

w + 2s
, (2.3)

k′
1

=
sinh(πw/4h

sinh(π(w + 2s)/4h
, (2.4)

k′
i

=
√

1− k2
i , i = 1, 2. (2.5)

The characteristic impedance Z0 of the CPW is defined by [42]

Z0 =
30π
√
ε
eff

K(k′
0
)

K(k0)
, (2.6)

should be designed to match the characteristic impedance of the microwave circuitry to

minimize microwave reflections at the intersection between CPW and cabling [43].

Figure 2.1 (b) shows an exemplary normalized transmission spectrum of one resonator

mode. At the resonance frequency ωr the transmission through the resonator is unity, while

far away of the resonance frequency the transmission is zero. For a realistic resonator with

losses the line shape is lorentzian with a half width at half maximum (HWHM) of κ0 .
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Figure 2.1: (a) Schematic of a CPW cross-section including the center conductor width w and

the gap width s. (b) Exemplary normalized transmission spectrum of a CPWR resonant mode.

The transmission peaks at the resonance frequency ωr and exhibits a lorentzian lineshape with

a half width at half maximum κ0 .

The losses are attributed to coupling of resonator modes to the continious mode spectrum

of the input and output microwave lines via the coupling capacitances, resistive losses,

radiation losses and losses in the dielectric [44]. All contribute to the total linewidth κ0 ,

which characterizes the average decay or loss rate of a resonator photon. A measure for

the efficiency of energy or photon storage inside a resonator coupled to input and output

lines, is the loaded quality-factor or Q-factor given by

Qn =
ωr,n

2κ0

. (2.7)

The loaded Q-factor can be separated into an external Qext and an internal Q-factor Qint

1

Qn
=

1

Qext

+
1

Qint

. (2.8)

Qext is governed by the geometry of the CPW and the coupling capacitances, both being

independent on external parameters like temperature or magnetic fields. In contrast, Qint

depends on dielectric losses in the substrate, radiative losses and resistive losses, which are

influenced by such external parameters, especially when using superconducting resonators.

Here, the resistive losses depend on the Cooper pair density and kinetic inductance, which

on their own depend on temperature and external magnetic fields [44,45]. Therefore, when

performing temperature and magnetic field dependent experiments it is advisable to use

a resonator, dominated by its external quality factor. In this way, the performance of the

resonator is less influenced by such external parameters. Resonators for which Qext � Qint

are known to operate in the overcoupled regime [41].

For the fabrication of the superconducting coplanar waveguide resonators, a 6×10 mm2

high resistivity (> 3 kΩcm) silicon substrate with a natural isotope composition and a

thickness of 525µm is used. Via sputtering, a 150 nm thick niobium layer is deposited

on the substrate. The CPWR structure is defined by optical lithography and reactive ion

etching. Finally, Fig. 2.2 depicts a micrograph of the resulting λ/2 transmission coplanar

waveguide resonator structure. The impedance of the coplanar waveguide resonator is

designed to match Z0 = 50 Ω, the standard line impedance of the microwave circuitry,

which is achieved for a center conductor width of w = 20µm and a gap of s = 12µm (cf.
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Figure 2.2: Micrograph of the niobium coplanar waveguide resonator. The inset shows a mag-

nification of one of the two coupling capacitances.

Ref. [44]). The effective permittivity ε
eff

is calculated to 6.45 and is in good agreement

with the experimentally obtained value of 6.19 for this resonator geometry [44]. With a

total length of l = 23 mm the fundamental mode is expected to have a resonance frequency

ωr,0 = 2.6 GHz.

2.1.2 Superconducting Lumped Element Resonators

A lumped element resonator (LER) resembles very closely an electrical parallel LC-circuit.

Unlike with CPWRs, where capacitance and inductance are linked distributed elements

[41], capacitance and inductance are clearly separated in the lumped element design. Fig-

ure 2.3 (a) shows a micrograph image of a lumped element resonator made of niobium, used

during this thesis. The meandering conductor on the right represents the inductance and

is connected to an interdigital capacitance on the left. The whole structure is embedded

in the ground plane of a CPW transmission line, while no direct electrical connection is

present to the ground plane or the CPW center conductor. Figures 2.3 (b) and (c) show a

schematic cross-section of the finger capacitance and the inductance with adjacent CPW,

respectively. The location of the cross-sections are indicated by the blue and red arrows

in Fig. 2.3 (a). Feeding microwave photons to the resonator structure can be done capaci-

tively and / or inductively from the adjacent broadband CPW transmission line. Thereby,

the design of the LER defines the dominant type of coupling [46]. For a mostly inductive

coupling the center of the inductance should run alongside the CPW and for a capacitive

coupling the finger capacitance structure should be oriented alongside the CPW. A more

detailed analysis of the design parameters of a LER can be found in Ref. [46–49]. The

resonance frequency of a lumped element resonator is approximately given by [49]

ωr =
1√
LC

. (2.9)

The resonant mode, determined by the lumped element resonators inductance L and ca-

pacitance C, exhibits an uniform current distribution across the inductor [49]. Since the

resonance condition is not directly restricted to a certain size, like it is in the case of a

CPWR, the lumped element resonator design allows for more compact resonator geome-

tries. Therefore, it is possible to reduce the area of a LER, while leaving the resonance

frequency unchanged by appropriately varying the design parameters, e.g. the width of
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Figure 2.3: (a) Micrograph image of a niobium lumped element resonator. Additionally part of

the adjacent CPW transmission line can be seen at the bottom of the image. (b) Schematic

cross-section of the finger capacitor structure of the LER, where the blue arrow in (a) shows

the location of the cross-section. (c) Schematic cross-section of the inductor and the alongside

running CPW, where the position of the cross-section is indicated by the red arrow in (a).

the conductor lines or the number of fingers of the interdigital capacitor. As a drawback,

a LER supports only one resonant mode, confining its application to a single frequency

window. However, due to its small size it is easy to structure several lumped element

resonators on a single chip, having the same dimension as for a coplanar waveguide res-

onator. Figure 2.4 (a) depicts a chip design with five LERs, all coupled to a common CPW

transmission line. To avoid a degeneracy in the individual resonator resonance frequen-

cies, the length of a single finger of the interdigital capacitance is varied for each resonator,

resulting in different resonance frequencies.

While the expression (2.9) is of simple form, the values for the inductance L and ca-

pacitance C are not easily accesible. They are either obtained by estimations [50] or due

to simulation of the whole structure [49]. Here, the lumped element resonator design was

choosen in close analogy to the designs presented in Ref. [49, 51]. Using CST microwave

studio to simulate the complete resonator chip of Fig. 2.4 (a) the final design was optimized

to have the resonance frequencies in the desired frequency region around 5 GHz. For the

simulation a model was constructed, consisting of a 6× 10 mm2 and 200 nm thick layer of

perfect electric conductor (PEC) on top of a 525µm thick silicon block, representing the

niobium thin film and the silicon substrate, respectively. The PEC layer was structured

in the same way as shown in Fig. 2.4. Applying a frequency domain solver with adaptive

tetrahedral meshing the microwave transmission was simulated, as shown in Fig. 2.4 (b).

The simulated transmission spectrum exibits five distinct resonance dips well separated by

several MHz. In contrast to the transmission of a CPWR, where the microwave transmis-

sion gets maximal in resonance, the lumped element resonator reduces the transmission

in resonance. The continuous microwave signal passing the broadband CPW transmis-

sion line is resonantly absorbed by a resonator, when the microwave frequency matches

its resonance frequency. The resonator reemits the signal with a decay rate κ0 , which

destructively interferes with the transmission line microwave signal. A lorentzian shaped
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Figure 2.4: (a) Image of a niobium lumped element resonator chip with five resonators coupled

to a common CPW transmission line. The LERs are micrograph images, while the rest of

the chip is illustrated schematically. The resonator shown in Fig. 2.3 (a) is marked with a

green box. (b) CST mircowave studio simulation of the microwave transmission of a similar

resonator chip shown in (a).

absorption dip is observed with a half width at half maximum κ0 . However, the resonant

dips in Fig. 2.4 (b) exhibit an asymmetric resonance lineshape. When the resonant absorp-

tion of the microwave signal is not complete and part of the signal passes the resonator

the destructive interference with the remitted signal is also not complete. The absorption

dip is phase shifted by the interfering signals and exhibits a Fano resonance lineshape [52].

A detailed analysis method of theses lineshapes is presented in Sec. 3.1.2.

The lumped element resonators utilized in this thesis are fabricated in a similar fashion

to the coplanar waveguide resonator. On a 525µm thick natSi substrate a 150 nm thick

layer of niobium is deposited, using the sputter technique. The Nb layer is patterned

by optical lithography and subsequent reactive ion etching, resulting in the resonator

structures shown in Fig. 2.3 (a). The transmission line is designed to be 50 Ω impedance

matched with a center conductor width w = 20µm and a gap width of s = 12µm.

2.2 Phosphorus Doped Silicon

Silicon is a widely used material. It finds application in the construction industry, the

metal industry, in synthetic polymers and it forms the basis of modern integrated circuits.

This is not surprising, since silicon is the second most element on earth, after oxygen. In

addition, it has been and still is a very popular material system in different disciplines

of physics. Concerning the focus of this thesis, silicon is also an appealing candidate

in the field of quantum information processing either directly or as a host material. In

all silicon based quantum computation [53, 54] the nuclear spin carrying isotope 29Si can

be utilized as a quantum bit. On the other hand, considering silicon as a host material

for paramagnetic impurities enables one to choose between different donors with different

spin configurations, taking advantage of their individual properties for potential quantum

computation applications [55,56]. Much effort was put into the enrichment of silicon with

its nuclear spin free isotope 28Si during the Avogadro project to redefine the kilogram

[57]. This isotopically purified 28Si has typically a residual 29Si concentration of less than

1 %, making it nearly nuclear spin free. Paramagnetic donors residing in such a 28Si
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Figure 2.5: (a) Schematic of the diamond cubic crystal structure of silicon. The grey atoms

represent silicon atoms and the red a phosphorus donor with its accompanying donor electron

in blue. The dark red joints between the atoms illustrate their covalent binding, while the

outer gray joints serve to define the cubic unit cell. (b) Schematic of the energy levels of

phosphorus donors in silicon [59].

“semiconductor vacuum” [58] are less prone to interfering magnetic field fluctuations from

residual nuclear spins, reducing the lifetime of a prepared donor spin state. To this end,

doped 28Si is particularly suitable for quantum information storage due to exceptional long

coherence times. In particular, phosphorus donors are very attractive candidates, since

they set the current benchmark of electron and nuclear spin coherence times, exceeding

0.5 s and 39 min, respectively [4, 5, 11]. With these perspectives phosphorus donors in

silicon are the central object of investigation in this thesis.

The silicon atoms of the host crystal are arranged in diamond structure, and have

four covalently bonded next neighbors. Introducing a phosphorus atom into this lattice

by interchanging it with a silicon atom, leaves one of the five valence electrons of 31P

unbound, schematically shown in Fig. 2.5 (a). The donor electron provides an uncom-

pensated magnetic moment with S = 1/2 in addition to the nuclear magnetic moment

with I = 1/2 of the 31P nucleus, which are coupled via the hyperfine interaction A. The

electronic structure or the wave function of such a shallow donor can be described by an

effective-mass theory [60–63] or with a modern full numerical approach [64], solving the

full donor Hamiltonian. The hydrogen like potential of the donor lifts the sixfold degener-

ate conduction band minimum of silicon into a triplet 1sT2 and doublet 1sE2 excited state

and a singlet 1sA1 ground state for the donor electron [65, 66], schematically shown in

Fig. 2.5 (b). For the typical temperature range used in this thesis, only the nondegenerate

singlet state 1sA1 is occupied. Note, that crystal strain and external electric fields, as well

as for the case of thin film silicon the electronic structure can be changed [65, 67]. In the

ground state, the six band minimas are equally populated resulting in a symmetric state,

resulting in an isotropic g-factor [65]. Additionally, the hyperfine interaction A results

from the symmetric nature of the electronic ground state wavefunction. This gives rise to

a finite probability of the donor electron being at the position of the nucleus, providing

an isotropic interaction between the nucleus and the electron in the ground state, which is

called the Fermi-contact hyperfine interaction [64–67]. Therefore, in magnetic resonance

experiments on an unstrained material, the g-factor and the hyperfine interaction can be

considered fully isotropic.



12 2.2 Phosphorus Doped Silicon

2.2.1 Spectroscopic Features

The focus of this thesis is on magnetic resonance experiments on phosphorus doped silicon

(Si:P). The entire information about the spin properties of an individual phosphorus donor

is contained in the spin Hamiltonian [68]

H =
gePµB

~
B0Ŝ +

gNPµN

~
B0 Î +

A

~2
ŜÎ, (2.10)

with the phosphorus donor electron (nuclear) g-factor geP (gNP), the Bohr (nuclear) mag-

neton µB (µN), the hyperfine interaction A and the reduced Planck constant ~. The first

term describes the Zeeman interaction between the electron spin and the static magnetic

field B0 , the second, the nuclear Zeeman interaction of the nuclear spin with the magnetic

field and the last term describes the hyperfine interaction between nuclear and electron

spin. The individual electron and nuclear spin operators Ŝ and Î are composed of the

Pauli spin matrices

Ŝ = ~
2

σ̂x

σ̂y

σ̂z

 , Î = ~
2

σ̂x

σ̂y

σ̂z

 , (2.11)

σ̂x =

(
0 1

1 0

)
, σ̂y =

(
0 −i
i 0

)
, σ̂z =

(
1 0

0 −1

)
. (2.12)

With zero applied magnetic field the solution in the eigenbasis of (2.10) is a symmetric spin

triplett state and an antisymmetric spin singlet state separated in energy by the hyperfine

interaction. By applying a magnetic field B0 = B0 êz the degeneracy is lifted by the Zeeman

interaction and, in the limit of high fields, four distinct energy levels are present in the

spin system with electron spin eigenstates |↑〉, |↓〉 and nuclear spin eigenstates |⇑〉, |⇓〉.
Figure 2.6 (a) shows the resulting Breit-Rabi diagram in frequency units for phosphorus in

silicon, using geP = 1.9985, gNP = 2.2632 and A/h = 117.53 MHz [68,69]. The eigenenergies

of the system, including the corresponding high field spin states, are

|↑,⇑〉 : E1 =
A

4
+
B0

2
(gePµB + gNPµN) , (2.13)

|↑,⇓〉 : E2 = −A
4

+
1

2

√
A2 +B2

0
(gePµB − gNPµN)2, (2.14)

|↓,⇓〉 : E3 =
A

4
− B0

2
(gePµB + gNPµN) and (2.15)

|↓,⇑〉 : E4 = −A
4
− 1

2

√
A2 +B2

0
(gePµB − gNPµN)2. (2.16)

Figure 2.6 (b) displays part of the high field evolution of the four energy states in a magnetic

field range, where the Zeeman splitting is in the order of 4.9 GHz the typical resonance

frequency of the microwave resonators, used in this thesis. With the spin angular mo-

mentum of ±~ of the photon, exciting the transition between two different spin states

is possible. Dependent on the frequency of the photon these transitions are either due

to nuclear magnetic resonance (NMR) or electron spin resonance (ESR), which typically

reside in the MHz or GHz regime, respectively. The resonance frequency of the applied
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Figure 2.6: Breit-Rabi diagram of phosphorus in silicon under consideration of the electron and

nuclear Zeeman interactions and the hyperfine interaction. (a) Low field part of the Breit-

Rabi diagram showing the evolution of the threefold degenerate spin triplet state and the

nondegenerate spin singlet state with increasing magnetic field. The Zeeman interactions lifts

the degeneracy of the triplet state, resulting in four distinct energy states. (b) Breit-Rabi

diagram in a magnetic field region where the Zeeman splitting is in the same frequency range

as the typical resonance frequencies of the employed microwave resonators. The blue and red

lines show two possible ESR transitions with same resonance frequency, but separated in field

by 4.2mT, a characteristic fingerprint of phosphorus donors in silicon. On the right of (b) the

four electron and nuclear spin states are illustrated by green and black arrows, respectively.

resonators restricts the possible transitions to nuclear spin conserving electron spin-flips.

This permits two electron spin transitions having the same transition frequency at two

different magnetic fields, denoted as the low-field (LF) and the high-field electron spin

transition. The two transitions are separated by 4.2 mT, a characteristic fingerprint of the

hyperfine interaction of phosphorus donors in silicon (see Fig. 2.5 (b)).

Many experiments in conventional cavity based electron spin resonance focus on a

fixed microwave frequency spectroscopy, while sweeping the external magentic field B0 .

Figure 2.7 depicts an exemplary electron spin resonance spectrum, assuming a magnetic

field region as shown in Fig. 2.6 (b) and a frequency matching the two transitions indicated

by the blue and red arrows. The spectrum exhibits two resonance absorption dips at

magnetic fields where the resonance condition for the low field transition |↓,⇑〉 → |↑,⇑〉
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Figure 2.7: Exemplary electron spin resonance spectrum (resonance depths and linewidths are

arbitrary).
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at B0,LF or the high field transition |↓,⇓〉 → |↑,⇓〉 at B0,HF is fulfilled. Using isotopically

purified 28Si, the resonance lineshape is lorentzian [70] with a full width at half maximum

(FWHM) of δB
LF/HF

. The magnetic field linewidth can be coined as an effective loss rate

of the excited spin system via

γ =
gePµB

~
∆B

2
. (2.17)

Here, γ/2π represents a frequency HWHM and is governed by the homogeneous or inho-

mogeneous spectral linewidth of the spin ensemble [71,72].

2.2.2 Sample Preparation

In this thesis a 20µm thin isotopically purified 28Si crystal doped with phosphorus is

investigated. The 28Si features a residual 29Si concentration of 0.1 % and has phospho-

rus donor concentration of [P] = 1 × 1017 cm−3. Originally the silicon host crystal was

chemical vapor deposition grown on a boron doped silicon substrate with natural isotope

composition (natSi) with a boron concentration of [B] = 4.5 × 1019 cm−3. On top of the
28Si a layer of 500 nm thick arsenic doped natSi with [As] = 6 × 1018 cm−3 was located.

Figure 2.8 schematically shows the different silicon layers, which formed a pn−n+ diode

structure employed to study the influence of the Stark shift on the hyperfine interaction of

the phosphorus donors [73]. The arsenic and boron doping concentration are both above

the metal insulator transition, ensuring conductivity even at liquid helium temperatures.

Due to the flip-chip mounting of the SiP sample on the superconducting coplanar resonator

(cf. Sec. 2.3.3) these conductive layers would either short-circuit the coplanar resonator

structure or induce considerable microwave losses due to eddy currents. Therefore, these

layers were removed by physical reactive ion etching in the case of the arsenic doped layer

and by mechanical polishing with consecutive physical reactive ion etching for the boron

doped substrate. The resulting very fragile thin 28Si crystals were placed with utmost

carefulness onto the coplanar resonator structure and studied during the course of this

thesis.

nat Si:As, [A
s] = 6 x 1018  cm-3

natSi:B, [B] = 4.5 x 10
19 cm

-3
28

Si:P, [P] = 1017
 cm-3

20 ¹m

500 nm

Figure 2.8: Schematic of the layer structure of the investigated phosphorus doped silicon. Orig-

inally the 28Si crystal was chemical vapor deposition grown on a heavily boron doped natSi

substrate and cap by an arsenic doped natSi layer. To avoid any unwanted influences on the

used microwave resonator the arsenic and boron doped layers were removed.
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2.3 Cryogenic Microwave Setup

To study the interaction between a superconducting microwave resonator and a phosphorus

donor spin ensemble under the requirements of quantum information processing (kBT <

~ωr) and for high spin polarizations (kBT < gePµBB0), the two systems have to be cooled

to millikelvin temperatures. This requires a specific layout of the microwave circuitry, in

order to prevent that room temperature thermal noise interacts with the experiment. In

addition, to connect the microwave resonators with standard microwave cabling a sample

box is utilized, forming the interface between the coplanar waveguide structures and the

coaxial cabling. For the characterization of the superconducting resonators a liquid helium

cryostat was used, which can be operated in a temperature range of 4.2 K to 2 K. A detailed

description of the liquid helium cryostat can be found in Ref. [74].

2.3.1 Dilution Refrigerator

All experiments of this thesis concerning the coupling of a microwave resonator to a spin

ensemble are conducted in an Oxford Industries TritonTM 400 Cryofree R© dilution refriger-

ator. It combines a cryogen free pulse tube cooler with a dilution refrigerator unit, where

the pulse tube precools the dilution unit to 4 K a requirement for operation [75]. The cryo-

stat is further equipped with a superconducting 3d vector magnet system. It consists of

a superconducting solenoid in between two superconducting Helmholtz coil pairs oriented

perpendicular to each other. In the lab frame, the Helmholtz coils can apply a magnetic

field vector in the x-y-plane and the solenoid in the z-direction. The maximal fields along

the x, y and z-direction are 1 T, 1 T and 6 T, respectively.

Figure 2.9 shows a schematic overview of the dilution refrigerators temperature stages

and the corresponding microwave circuitry, in addition to an image showing the open

cryostat with the temperature stages highlighted. The different temperature stages are

thermally well isolated from each other to minimize the thermal heat load on the low

temperature stages. To guarantee the thermal ankering of the semi-rigid microwave sig-

nal lines, commercial attenuators of various strength at the temperature stages are used,

indicated in Fig. 2.9. For the input line this is achieved by mounting attenuators at the

different temperature stages not only attenuating any signal in total by 70 dB but also

thermally anchoring inner and outer conductor of the coaxial cables. The installed at-

tenuators reduce the average number of thermal photons at the input of the resonator,

e.g. to ∼ 0.05 for a frequency of 5 GHz [76], without taking cable attenuation into ac-

count. The small signals of the sample are intentionally not attenuated in the output line.

However, to block thermal noise two cryogenic Quin Star Technology Inc. CTH0408KCS

circulators are mounted at mixing chamber temperatures and an additional one on the

still stage. These three-port devices are connected such, that signals from the sample can

pass the circulators, while signals coming from higher temperatures are terminated with

50 Ω. The isolation between the not transmitting ports is specified to 20 dB, summing

up to 40 dB for the in series connected circulators at the millikelvin temperature stage.

To increase the output signal amplitude and signal to noise ratio a cryogenic Low Noise

Factory LNF-LNC4 8A high-electron-mobility transistor (HEMT) amplifier is mounted at

4 K. The gain of the amplifier is +35 dB within a frequency range of 4-8 GHz. Prior to

signal detection, the signals are further amplified with either of two room temperature
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Figure 2.9: Image of the open cryogen free dilution refrigerator together with a schematic of its

temperature stages, including the microwave circuit and the distribution of its components

on the temperature stages. The temperature stages in the image are highlighted and assigned

to their corresponding stage in the schematic.

amplifiers, a Kuhne electronic LNA BB 202 A amplifier with a gain of +28 dB or a B&Z

Technology BZP110UC1 amplifier with a gain of +37 dB.

2.3.2 Microwave Delivery & Detection

For the continuous wave (CW) spectroscopy (cf. Ch. 3) and the time domain spectroscopy

(cf. Ch. 4) different microwave generation and detection schemes are employed. The two

measurement techniques have opposing requirements. For the low power CW experiments

a low measurement bandwidth (slow measurement time, high signal to noise) is essential.

On the other hand, for the high power time domain experiments a high measurement

bandwidth (fast measurement time, low signal to noise) is required.

In the case of the CW spectroscopy the steady state of the coupled resonator / spin

ensemble is investigated. The microwave transmission is detected as a function of fre-

quency and external magnetic field in the vicinity where resonator and spin ensemble are

in resonance. To avoid saturation of the paramagnetic system, low microwave powers

are necessary. This requires a high resolution detection with a low measurement band-
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width, which is provided by a vector network analyzer (VNA). Additionally, the VNA is

able to simultaneously generate and detect microwave signals, allowing for phase sensitive

measurements by referencing the detected signal to the output signal. The ratio between

detected and emitted signal is known as the scattering-parameter or S-parameter. A n-port

network can be fully characterized by a set of S-parameters spanning a n × n scattering

matrix, considering all port reflections Sii and combinations of port to port transmissions

Sij , with i, j = 1...n and i 6= j [77]. Here, the investigated network consists of the two

ports of the input and output lines of the cryogenic microwave setup including the sample.

Therefore, all S-parameters can be summarized in a 2× 2 scattering matrix

Ŝ =

(
S11 S12

S21 S22

)
, (2.18)

where S11 (S22) is the signal reflection at the input (output), while S21 (S12) is the trans-

mission from the input to the output (the output to the input). The detected and emitted

signals are known as wave quantities and have units of
√
W [77]. Under the knowledge

of the exact impedance Z of the investigated network, the wave quantities can be trans-

lated into voltage signals by V =
√
PZ. For the squared magnitude of the S-parameter,

the measured quantity is represented by a power ratio. For the interpretation of the ex-

periments conducted in this thesis the squared magnitude of the microwave transmission

|S21 | is investigated. For the measurements a Rhode&Schwarz ZVA8 is utilized and also

a Keysight PNA, which supports frequency sweeps from low to high frequencies and vice

versa.

For the time domain experiments the non-equilibrium dynamics of the coupled res-

onator / spin ensemble are studied. Here, for fixed microwave frequency and external

magnetic field the response of the coupled system to a strong microwave pulse is detected.

The time scales of the dynamic response is in the range of µs to ns, which requires for a

fast detection mechanism or a high measurement bandwidth. The detection is performed

by a Rhode&Schwarz FSV spectrum analyzer, able to detect fast signals in the time do-

main with a bandwidth of up to 28 MHz. In contrast to the VNA, the employed spectrum

analyzer is phase insensitive and measures the magnitude of the microwave power. The

microwave pulses are generated by a Rhode&Schwarz SMF100 microwave source, which

is triggered by a LeCroy ArbStudio arbitrary waveform generator (AWG), providing the

pulse sequence. To ensure that the measurement devices are operated at identical frequen-

cies, all devices are synchronized to an external 10 MHz reference oscillator, provided by

a Stanford Research Systems Model FS25 Rubidium Frequency Standard.

2.3.3 Sample Mounting

To establish the connection between the microwave circuitry of the cryostat and the copla-

nar resonator the resonator chip is mounted in a gold plated oxygen-free high thermal

conductivity copper box, as depicted in Fig. 2.10. The box is designed such, that it can

hold 6 × 10 mm2 chips having a thickness of 525µm. To improve the thermal connection

between the resonator chip and the box a small amount of silver glue is applied in the chip

socket of the box. For the connection of the center and outer conductor of the niobium

thin film structures two types of connectors are applied, to allow for a different sample

box mounting for the CPWR and the LERs. The two resonator designs require different
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Figure 2.10: Photograph of an open gold plated oxygen-free high thermal conductivity copper

sample box together with its corresponding lid. The two SMA connectors allow for an easy

integration into the cryogenic microwave setup. Mounted into the box is a thin film niobium

resonator covered with pieces of phosphorus doped 28Si crystal. The crystal pieces are held

in position by an additional piece of natSi substrate.

B0-field orientations, to fulfill the ESR conditions best (see Fig. 2.11). Flange mounted

Rosenberger panel jack SMA to stripline connectors are used to connect the CPWR chip

and flange mounted Amphenol Connex right angle panel jack SMA to round pin connec-

tors for the LER chip. The round pin of the right angle SMA connectors is worked to

have a flat surface parallel to the CPW plane, to enable a similar connection to the CPW

center conductor as with the SMA to stripline connectors. To establish a good electrical

connection between the CPW center conductor and the stripline / flattened round pin, as

well as between the CPW ground planes and the box, silver glue is used.

Pieces of the prepared thin 28Si crystal (cf. Sec. 2.2) are carefully placed on top of the

niobium resonator structure. The appropriate placement of the crystal on the CPWR and

the LER can be seen in Fig. 2.11 (a) and (b), respectively. To fix the small crystal pieces

in position, they are covered by an additional piece of natSi substrate. For the CPWR

the substrate is cemented on the niobium film by Fixogum rubber cement and in the case

for the LER the substrate is held and additionally pressed onto the resonator structure

by a nylon screw mounted into the box lid (not shown in Fig. 2.10). The loaded box is

installed in the cryogen free dilution refrigerator such, that it is located in the sweet-spot

of the superconducting solenoid, a region of best field homogeneity. To maximize the ESR

signal the microwave oscillatory magnetic field B1 needs to be perpendicular to the static

magnetic field B0 . With the B1 field running nearly circularly around the cross-section

B0
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Figure 2.11: Micrograph of the (a) CPWR and (b) LER loaded with pieces of phosphorus doped
28Si crystal. The red arrows indicate the orientation of the external static magnetic field B0 .
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of the coplanar conductor [78] the B0 field is required to be oriented in parallel to the

conductor. For the experiments concerning the CPWR the resonator is operated at its

first harmonic, with the B1 field anti-nodes located at 1/4 and 3/4 of the resonator length

(cf. Fig. 2.2 (a)). Therefore, the B0 field is oriented parallel to the CPW lines running

vertically, indicated by the red arrow in Fig. 2.11 (a). In the case of the LER the static

magnetic field B0 is oriented in parallel to the CPW transmission line, which is also in

parallel to the major part of the resonators inductor lines (red arrow in Fig. 2.11 (b)).

The two resonator designs are appropriately mounted to fulfill the B0 field orientation

requirements.
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Chapter3
Continuous Wave Spectroscopy

A characterization of the interaction between a superconducting microwave resonator and

an ensemble of phosphorus donor spins is performed, by studying the dynamical response

of the hybrid system, to a continuous weak microwave drive. With the system driven into

a steady state, the resonator transmission spectrum is analyzed, allowing to determine

the relevant parameters of the coupled system, like the microwave resonator’s loss rate κ0 ,

the loss rate of the spin ensemble γ and the collective coupling strength g
eff

. The regime

where g
eff

exceeds the individual loss rates of the subsystems κ0 and γ, is denoted as the

strong coupling regime. Here, the two subsystems can coherently exchange energy or

information, without its loss during the interaction process. Reaching the strong coupling

regime is a mandatory requirement for the realization of a quantum memory, combining

the fast processing capabilities of the microwave resonator and the long storage times of

the spin ensemble.

The chapter begins with the characterization of the superconducting microwave res-

onators in Sec. 3.1. For the characterization, the resonator and the spin ensemble are far

detuned, not interacting with each other. The parameters of the resonators are determined

initially at liquid helium temperatures in a calibrated microwave spectroscopy setup and

are compared to the parameters found at 50 mK, using the uncalibrated millikelvin setup.

Comparing the spectroscopic data from both setups, allowed the calibration of the mil-

likelvin setup, and hereby the absolute microwave power incident on the resonator can

be determined. Section 3.1.3 discusses the dispersion of the resonance frequency of the

resonator as a function of the applied static magnetic field. The resonator dispersion mea-

sured at a temperature of 50 mK is modeled and an estimate of the sample misalignment is

given. Next, an introduction to the theoretical model, describing the interaction between

resonator and spin system, is provided in Sec. 3.2. Based on the Jaynes-Cummings model,

the interaction between a single photon and a single spin is illustrated. In the following, the

transition to the Tavis-Cummings model is performed, allowing to describe the interaction

of a single photon with an ensemble of spins. The steady state solutions to this model are

discussed, defining three different regimes of coupling. Section 3.3 presents the results of

the microwave spectroscopy on the CPWR / phosphorus donor spin ensemble hybrid sys-

tem, in a regime of high cooperation. The coupling is characterized and is compared to a

numerical simulation. The limitations for reaching the strong coupling regime are discussed

and possible solutions are presented. Finally, the temperature dependence of the collective

21
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coupling g
eff

is analyzed, for temperatures ranging from 50 mK up to 3.5 K. A statistical

model is developed to describe the observed temperature dependence, which is found to

scale with the square root of the number of thermally polarized spins. The chapter closes

with the first-time demonstration of strong coupling between a superconducting LER and

an ensemble of phosphorus donors in Sec. 3.4. The found collective coupling exceeds the

individual loss rates of the resonator and the spin ensemble by more than a factor of two.

However, the transmission spectrum exhibits an asymmetric linewidth of the microwave

resonator’s normal mode splitting, which is not expected from the Tavis-Cummings model.

The spectrum is modeled, by assuming an additional incoherent coupling between the mi-

crowave resonator and the spin ensemble, which is mediated indirectly via an incoherent

bath of frequency modes.

3.1 Superconducting Resonator Transmission Calibration

The calibration measurements of the superconducting microwave resonators are performed

at liquid helium temperatures using the cryostat described in Ref. [74] and a HP8722D

VNA. Connected to the microwave circuitry of the cryostat is a sample box either loaded,

with a CPWR or a LER chip. As the microwave attenuation of this setup’s cabling is

known, the microwave transmission spectra of the two resonators can be calibrated for this

attenuation. This allows to determine the microwave transmission of only the resonators,

which allows to determine the external and internal quality factors. Additionally, using

the calibrated microwave transmission of the resonators, the microwave attenuation of the

millikelvin setup is determined.

3.1.1 CPWR Calibration

For the spin resonance experiments, the superconducting CPWR is brought in physical

contact with the thin pieces of phosphorus doped 28Si crystals, as disscused in Sec. 2.3.3.

Figure 3.1 shows the power transmission |S21 |2, in logarithmic scale, as a function of the

VNA frequency for the first three harmonics of the CPWR. The spectra show both the

calibrated and uncalibrated transmission spectra, where the difference in transmission is

given by the attenuation of the setup’s microwave circuitry. For the calibrated measure-

ments the peak transmission of the resonator can be identified. For an ideal case, the full

signal is transmitted in resonance, corresponding to a peak transmission of 1. However,

due to finite losses the transmission is reduced and quantified as the insertion loss IL. The

insertion loss depends on the coupling coefficient q as [41,43]

IL = −20log

(
q

q + 1

)
dB, where q =

Qint

Qext

. (3.1)

The coupling coefficient gives a measure for the effectiveness of coupling microwave photons

in or out of the resonator. Basically, two regimes of couplings can be distinguished [41].

(i) For weakly coupled or undercoupled resonators (q < 1), the external quality factor Qext

is large, due to small coupling capacitances. This corresponds to a small coupling rate of

microwave photons in and out of the resonator, increasing both the reflectivity of microwave

photons at the input of the resonator and their storage time in the resonator. Due to the

smaller internal quality factor Qint the loss rate of a resonator photon is determined by the



3 Continuous Wave Spectroscopy 23

10-7

10-6

10-5

10-4

10-3

10-2

10-1

1
T

ra
ns

m
is

si
on

 |S
21

|2

2470 2471 2472 2473
Frequency (MHz)

4928 4932 4936 4940 4944
Frequency (MHz)

7388 7392 7396 7400
Frequency (MHz)

calibration on

calibration off

insertion loss

setup 
attenuation

(b)(a) (c)

Figure 3.1: Power transmission of the CPWR at liquid helium temperatures as a function of

the VNA frequency, for the fundamental (a), first (b) and second (c) harmonic resonator

mode. The squared symbols show the transmission of the cryostats microwave cabling and

the CPWR, fitted using a lorentzian function (solid orange line). The round symbols show

only the transmission through the CPWR, with the microwave cabling attenuation calibrated

out.

internal loss channels (cf. Sec. 2.1.1). The loaded quality factor (2.7) is dominated by the

internal quality factor, thus is also dependent on external parameters like temperature or

external magnetic fields (cf. Sec. 2.1.1).

(ii) Resonators which are strongly coupled to the input and output microwave lines

(q > 1) exhibit a high peak transmission. The coupling capacitances are large and the

external quality factor Qext is low. Therefore, resonant photons have an increased rate to

couple in and out of the resonator, corresponding to a short storage time. The internal

quality factor Qint is large, which translates in a small coupling rate to internal loss channels

(cf. Sec. 2.1.1). With Qint > Qext the loaded quality factor is governed by the external

quality factor, making the resonator less dependent on external parameters. Resonators

operating in a regime where q > 1 are called overcoupled [41].

By fitting the calibrated resonator transmission |S21 |2 using a lorentzian function

|S21 |2 = A2
0

κ2
0

(ω − ωr)
2 − κ2

0

, (3.2)

the insertion loss is determined by the amplitude A0 , via IL = −20 log(A0). The loaded

Q-factor is determined by Eq. (2.7), using the found resonance frequency ωr and resonator

loss rate κ0 . Solving Eq. (3.1) for the internal Q-factor by using Eq. (2.8) yields

Qint,n =
Qn

1− 10−
ILn
20

, (3.3)

where the index n represents the harmonic mode number. Finally, with the loaded and

internal Q-factors determined, Qext can be obtained using Eq. (2.8). The extracted pa-

rameters for the first three harmonics of the CPWR shown in Fig. 3.1 at liquid helium

temperatures are summarized in Tab. 3.1.

Figure 3.2 shows the quality factors as a function of the mode number. All Q-factors

decrease with increasing harmonic mode number n, due to increased radiative losses [45].

The dependence of the mode number n on the loaded quality factor is described by [41]

Qn = Q
off

+
C

2Z0C
2

k
ωr,n

, (3.4)



24 3.1 Superconducting Resonator Transmission Calibration

Q

Q
int

Q
ext

Fit

6

9

12

15

18

21

Q
ua

lit
y 

F
ac

to
r 

(x
 1

03 )
2000 4000 6000 8000

Resonance Frequency (MHz)

Figure 3.2: Loaded, internal and external quality factors of the CPWR at liquid helium tem-

peratures as a function of the harmonic mode number. The resonance frequency dependence

of the loaded Q-factor is described by Eq. 3.4 (solid green line).

assuming a mode number independent offset Q
off

. The characteristic impedance Z0 of the

microwave circuitry is 50 Ω and the line capacitance per length C of the resonator is given

by

C = 4ε0εeff

lK(k0)

2K(k′
0
)
, (3.5)

with the arguments of the complete elliptic integral of the first kind K defined in Eq. (2.5).

ε0 and ε
eff

are the vacuum permittivity and the effective permittivity, respectively and l

represents the length of the resonator center conductor. Fitting Eq. (3.4) to the loaded

quality factor (solid line in Fig. 3.2), allows to determine experimentally the coupling

capacitance C
k

of the resonator. By assuming Z0 = 50 Ω and C = 1.81 pF the fit yields

Q
off

= 1562 and a coupling capacitance of 12.4 fF, which is in good agreement with the

coupling capacitances of similar designs, reported in Ref. [41].

The uncalibrated transmission spectrum of the CPWR’s first harmonic mode, mounted

in the cryogen free dilution refrigerator setup (cf. Sec. 2.3.1), at a base temperature of

50 mK and at zero magnetic field is shown in Fig. 3.3 (a). In the following, the focus will

be only on the first harmonic mode, since most of the experiments are conducted with

this mode. To calibrate the spectra obtained in this setup, the external quality factor

Qext is assumed to be temperature independent and to be equal to the value determined

at 4 K. A lorentzian fit to the uncalibrated spectra of Fig. 3.3 (a), allows to evaluate the

resonance frequency ωr,1 to 4939.25 MHz and the loss rate κ0,1 to 0.344 MHz. Using Eq. (2.7)

a loaded Q-factor Q1 = 7171.9 is found. Together with Qext = 9604.6 the internal Q-factor

is calculated by Eq. (2.8) to Qint,1 = 28316. Finally, applying Eq. (3.1) provides IL1 =

2.54 dB. With IL known, the transmission spectrum can be calibrated for the attenuation

by the whole microwave circuitry, which is determined to 19.4 dB. To determine the

mode n ωr/2π (MHz) 2κ0/2π (MHz) Q Qint Qext IL in dB

0 2471.62 0.270 9171.8 15977.8 21531.8 7.4

1 4935.85 0.952 5186.8 11026.4 9793.7 5.5

2 7393.44 1.754 4215.8 12278.5 6420.1 3.7

Table 3.1: Summary of the determined parameters of the CPWR at liquid helium temperatures.
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Figure 3.3: (a) Uncalibrated power transmission |S21 |
2 (symbols) as a function of frequency

of the CPWR’s first harmonic mode at a temperature of 50 mK. The orange solid line is a

lorentzian fit to the spectrum. The insertion loss of the resonator and the attenuation of the

cryogen free dilution refrigerator microwave circuitry are accentuated by colored boxes. (b)

Comparison of the calibrated transmission spectra measured at 4 K and 50 mK.

attenuation of the microwave lines, the total attenuation of the measurement setup of

19.4dB is compared to the nominal attenuation and amplification values of the attenuators

(70dB) and amplifiers (+35dB for the 4K HEMT and +28dB for the room temperature

amplifier), respectively (cf. Sec. 2.3.1)). Hereby, we obtain for the attenuation of the

microwave lines a total of 12.4 dB.

Figure 3.3 (b) compares the calibrated transmission spectrum at 4 K with the spectrum

obtained at 50 mK. The resonance frequency slightly increased for 50 mK additionally with

a decrease of the loss rate. The former is due to a decrease of the kinetic inductance of

the superconductor [45] and the latter is attributed to the increase of the internal quality

factor by about a factor of three. Therefore, at millikelvin temperatures the CPWR is

far in the overcoupled regime, increasing its robustness against externally applied static

magnetic fields, as desired for the envisaged experiments.

3.1.2 LER Calibration

The mounted sample box is loaded with a LER chip, with three resonators covered by

pieces of phosphorus doped 28Si (cf. Sec. 2.3.3). The pieces are hold in position by an

additional piece of natSi substrate, covering four resonators. At liquid helium tempera-

tures the microwave transmission of the resonators is detected as a function of frequency,

as shown in Fig. 3.4. The five resonators are labeled with A to E, beginning with A for

the lowest resonance frequency resonator and ending with E for the resonator with the

highest resonance frequency. Using this notation, the resonators A, B and C are covered

by 28Si and the additional piece of natSi substrate covers resonators A to D. The microwave

transmission of all resonances show an asymmetric lorentzian line shape, resulting from an

interference between the transmission line microwave signal and the resonator signal cou-

pling back into the transmission line. The asymmetry can be described in the framework

of the diameter correction method (DCM), modeling the asymmetry by an impedance

mismatched between the resonators input and output impedance [79]. The model assumes

a complex valued external quality factor, describing the impedance mismatch as a complex

contribution. The magnitude of the microwave transmission |S21 | can be described within
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Figure 3.4: Calibrated microwave transmission |S21 | (symbols) as a function of the VNA fre-

quency and at liquid helium temperatures, for the LERs A to E. The asymmetric lorentzian

lineshapes are fitted using Eq. (3.6) (solid orange lines).

the DCM by

|S21 | = S0

(
1− Q

∣∣Q−1
ext

∣∣ eiφ
1 + 2iQω−ωr

ωr

)
. (3.6)

The prefactor S0 refers to the microwave transmission away from resonance, defining the

baseline of the resonance dip. |Qext | is the magnitude of the complex external Q-factor and

φ represents the phase angle of the |Qext | vector in the complex plane. Fitting Eq. (3.6)

to the transmission spectra |S21 | of the five LER (orange solid line in Fig. 3.4) yields their

loaded and external Q-factors. Since the loaded Q-factor is a real valued quantity, the real

part of the complex external Q-factor Qreal
ext

is required to determine Q, which modifies

Eq. (2.8) to

1

Q
= Re

{
eiφ

|Qext |

}
+

1

Qint

=
cos (φ)

|Qext |
+

1

Qint

, (3.7)

and allows to determine the internal Q-factor from the parameters obtained by the fit.

The determined parameters from the five calibrated transmission spectra of the lumped

element resonators are summarized in Tab. 3.2. For an absorption resonator, like the

LER, a calibration of the microwave circuitry is not necessary to evaluate the resonators

Q-factors. The relevant parameters are defined by the relative depth of the resonance dip,

the resonance position and the linewidth. However, to determine the energy stored in

the resonator, the quantitative knowledge of the power in the nearby transmission line is

required. For a calibrated microwave transmission spectroscopy, the amplitude factor S0

corresponds to the power in the CPW feedline. Therefore, the calibrated transmission of

the CPW feedline at 4.2 K can be used to cross-calibrate the cryogen free dilution refriger-

ator setup. Note, that the microwave attenuation of a superconducting transmission line

exhibits a finite temperature dependence, which has to be considered for such a calibration.

However, the leading order of the temperature dependence of the microwave attenuation

is inversely proportional to 1 −
(
T
Tc

)4
[80], where Tc represents the critical temperature

of the superconductor. A change in S0 of less than 5 % is expected for a change of tem-

perature from 4.2 K to 50 mK (Tc = 9.2 K [81]). Due to the small change, the calibrated

transmission data at 4.2 K is used directly for a cross-calibration the cryogen free dilution

refrigerator setup.

Figure 3.5 (a) shows the raw, uncalibrated transmission |S21 | of the LER chip at 50 mK,

with and without an applied static magnetic field B0 . In the measured frequency range,

S0 exhibits an oscillation, with an amplitude change by approximately a factor of two.

The oscillation is a result of impedance mismatches in the microwave circuitry, inducing
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Figure 3.5: Broadband transmission |S21 | of the LERs, as a function of the VNA frequency. (a)

Comparison of the transmission spectra measured at zero static magnetic field and 190 mT, for

T = 50 mK. (b) Calibrated transmission at 4.2 K compared to the uncalibrated transmission

at 50 mK, both with no magnetic field applied. The resonant modes for the two temperatures

are labeled from A to E. The green arrows indicate the attenuation due to the microwave

circuitry of the dilution refrigerator setup, for each resonant mode at T = 50 mK.

microwave reflections [43]. For the case of multiple reflection planes in the circuit, parasitic

resonant modes can form, analog to the desired resonant mode of a CPWR. The resonance

frequency corresponds to a characteristic length scale via Eq. (2.1), under consideration of

the effective dielectric of the circuits coaxial cables. The measured transmission oscillates

with a frequency of 105 MHz, which corresponds to a characteristic length of 1 m (using

ε
eff

= 2.03 for solid Polytetrafluoroethylene (PTFE) [82]). It is assumed, that the self-

made flattened pin of the right angle panel jack SMA connectors (cf. Sec. 2.3.3), at the

sample box are responsible for these oscillations. Reference measurements, using Rosen-

berger stripline connectors (cf. Sec. 2.3.3), showed a flat transmission spectrum without

the parasitic resonant mode.

However, the major part of the LER experiments were conducted using the former

configuration of the setup. Comparing the two transmission spectra of Fig. 3.5 (a) shows,

that the parasitic oscillation is approximately magnetic field independent and only the

LER modes are shifting in resonance frequency (see Sec. 3.1.3). Therefore, the results of

the coupling experiments are expected to be independent of the oscillating background.

For a coarse calibration of the LERs the calibrated broadband transmission spectrum

at liquid helium temperatures is compared to the uncalibrated spectrum at 50 mK, as show

in Fig. 3.5 (b). By fitting the uncalibrated LER modes using Eq. (3.6) the amplitude factor

S0 is obtained. At the resonance frequency of each LER at 50 mK, the difference between S0

Res. ωr/2π (MHz) 2κ0/2π (MHz) Q Qint Qreal
ext

φ (rad) S0

A 4236.87 0.809 5235.9 13697.2 8475.9 −0.357 0.757

B 4637.65 0.746 6218.3 11929.6 12988.5 0.763 0.670

C 4959.52 0.924 5365.3 10728.9 10732.4 0.668 0.631

D 5118.38 0.903 5665.9 10128.2 12860.1 0.245 0.587

E 5381.21 1.051 5121.9 9652.3 10912.4 0.833 0.554

Table 3.2: Summary of the determined parameters of the LERs at liquid helium temperatures.
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each LER at 50 mK. The orange solid line represents as fit to the uncalibrated spectra, using

Eq. (3.6).

and the calibrated transmission is determined (green arrows in Fig. 3.5 (b)). The difference

is attributed to the attenuation due to the dilution refrigerator’s whole microwave circuitry

and to the parasitic oscillation, ranging from 10.86 dB to 15.51 dB. This contains the

contribution of the built in 70 dB attenuation of the microwave signal input line and the

amplification by +35 dB and +37 dB (4 K HEMT amplifier and room temperature B&Z

Technology BZP110UC1 amplifier, respectively (see Sec. 2.3.1)) of the output line. Thus,

the bare attenuation by the microwave cabling, modified by the parasitic oscillation, ranges

from 8.86 dB to 13.51 dB, comprising the result obtained from the CPWR calibration in

Sec. 3.1.1.

Figure 3.6 shows the uncalibrated and corrected transmission |S21 | of all five resonant

modes of the LER chip, as a function of the VNA frequency. The resonator parameters are

determined by fitting Eq. (3.6) to the spectra and are summarized in Tab. 3.3. Comparing

the 4.2 K and 50 mK parameter sets, shows an overall increase of the resonator perfor-

mance at millikelvin temperatures. The resonance frequencies of resonators A, B, D and

E increased, which is assumed to correlate with the decrease of the kinetic inductance of

the superconductor with decreasing temperatures [45]. Only resonator C showed an op-

posing behavior, however the reason for a decrease of resonance frequency with decreasing

temperature is unclear. The observed change of the external quality factor is assumed to

result from a change of the inductive coupling of the resonators. Since the coupling of the

LER to the transmission line is governed by a geometry dependent capacitance in addition

to a temperature dependent inductance (cf. Sec. 2.1.2), a change in the external Q-factor

is also expected. However, the exact dependency is not known, as a systematic study of

the superconducting microwave resonator’s temperature dependence was not in the focus

of this thesis.

Res. ωr/2π 2κ0/2π Q Qint Qreal
ext

φ (rad) Setup Att.

(MHz) (MHz) (dB)

A 4712.42 0.627 7511.6 37217.1 9411.0 0.335 11.41

B 4759.92 0.714 6668.8 56190.6 7566.8 −0.275 14.17

C 4918.26 0.700 7028.6 29236.6 9253.1 0.460 10.86

D 5183.56 0.376 13779.9 49434.3 19105.7 −0.465 14.97

E 5397.71 0.459 11770.0 40544.3 16584.4 0.832 15.51

Table 3.3: Summary of the determined parameters of the LERs at 50 mK.
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3.1.3 Resonator Field Dispersion

To study the interaction between the superconducting microwave resonators (LER and

CPWR) and the phosphorus doped 28Si crystal, the two systems need to be in resonance.

Since the resonator frequency is fixed mostly by its geometry, it is convenient to tune

the resonance frequency of the spin ensemble, by applying a static magnetic field B0 (cf.

Sec. 2.2). Although, the tuning of the resonance frequency via the Zeeman interaction

is isotropic, the performance of the superconducting coplanar resonator depends on the

orientation of B0 . Niobium belongs to the type-II superconductor family, with a lower

critical field Bc1 of about 200 mT for bulk material and for temperatures much lower than

the critical temperature Tc = 9.2 K [80, 83, 84]. When applying an external magnetic field

larger than Bc1 , but smaller than the upper critical field Bc2 , the superconductor enters

the Shubnikov state [85]. In this state, normal conducting flux vortices are present in the

material, which impose a source of additional loss [86,87]. For a thin film superconductor

the critical fields become anisotropic, mainly due to demagnetization effects [80, 85]. In

particular, the critical field Bc1 is enhanced for fields applied in parallel with the film

surface, if the thickness of the film d is comparable or smaller than the effective magnetic

penetration depth λ
eff

. This parallel critical field is given by [88]

B||c1
= 2
√

6Bc1

λ
eff

d
. (3.8)

The effective penetration depth for a 150 nm thick, polycrystalline niobium film, at T =

50 mK is about 90 nm [81], resulting in B||c1
≈ 590 mT. Thus, for an in-plane field smaller

than B||c1
the performance of the superconducting resonator does not strongly depend on

the externally applied magnetic field. However, with the experimental setup a perfectly

in-plane aligned magnetic field is hard to achieve. The perpendicular critical field is much

smaller than Bc1 , as the effective perpendicular magnetic field is enhanced due to demag-

netization effects [80, 85]. This enhancement can be estimated by the ratio of the center

conductor width w and the film thickness d. For a 150 nm thick superconducting film,

the perpendicular field is enhanced by a factor of 133. Thus, fields larger than 1.5 mT

applied normal to the superconducting surface are sufficient to exceed the lower critical

field Bc1 . The typical field strength required to tune the Zeeman interaction into resonance

with the microwave resonator does not exceed 180 mT in the experiments of this thesis (cf.

Sec. 2.2). Therefore, the misalignment is required to be smaller than 0.5 ◦, to not exceed

the perpendicular critical field of 1.5 mT.

For magnetic fields greater than the lower critical field Bc1 the resonator losses increase

significantly, but for magnetic fields below Bc1 , the resonator is influenced as well. To

determine the dispersion of the resonator under the influence of a static magnetic field,

the resonator transmission |S21 |2 is measured as a function of the VNA frequency for fixed

discrete magnetic fields B0 , at a temperature of 50 mK. The resulting dispersion for the

first harmonic of a CPWR and a LER is shown in Fig. 3.7 (a) and (b), respectively. The

spectra show high (low) transmission when the VNA frequency matches the resonance

frequency of the CPWR (LER). For both resonators, the resonance frequency decreases

with increasing static magnetic field B0 . The shift in resonance frequency, from zero field

to 160 mT, is 0.073 % for the CPWR, accompanied with an increases of the loss rate by

10 %. For the LER the resonance frequency shift is 0.066 %, while the loss rate stays

unchanged with increasing magnetic field. The shift in resonance frequency is due to a
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Figure 3.7: Uncalibrated power transmission |S21 |
2 of a (a) CPWR and (b) LER, as a function

of the VNA frequency and static magnetic field B0 . The dashed lines in the spectroscopy data

are fits to the resonance frequency dispersion, using the dependence defined in Eq. (3.9). The

CPWR measured in spectrum (a) is made of a 200 nm thick niobium film, instead of a 150 nm

thick film, but is otherwise of equal design.

change of the total inductance L of the resonator, which is a sum of the kinetic inductance

L
k

of the superconductor and the geometric inductance Lgeo . Hereby, Lgeo is defined by the

geometry of the resonator structure, while L
k

is governed by the temperature and magnetic

field dependent inertia of moving cooper pairs [41]. The kinetic inductance is proportional

to λ2
eff

, which is inversely proportional to the square root of the explicit magnetic field

dependent cooper pair density ns [80,85]. For the relation between resonance frequency ωr

and static magnetic field B0 this yields

ωr =
1√

C
(
Lgeo + L

k

) ∝ 1

λ
eff

∝
√
ns (T,B0) =

√√√√ns (T, 0)

(
1− B2

0

B2
||c1

)
. (3.9)

The dashed lines in Fig. 3.7 represent fits to the evolution of ωr/2π using the dependence

of Eq. (3.9). Although, the obtained values for B||c1
are unrealistic high, as they exceed

the calculated B||c1
= 590 mT by more than one order of magnitude, the fits demonstrate,

that the measured resonator dispersions follow very well the dependence of Eq. (3.9). The

given relation between ωr and B0 is valid for fields smaller than Bc1. For higher fields,

the additional losses by flux vortices are expected to change this relation. Therefore, the

superconducting niobium can be assumed to be in the Meißner phase, indicating that the

applied magnetic field is smaller than B||c1
and the misalignment of the sample is less than

0.5 ◦.

3.2 Coupling of Photons and Spins

For a qualitative description of the interaction of an ensemble of spins with the oscillating

magnetic field of a microwave resonator a theoretical model is required, allowing to quantify

the effectiveness of the coupling. In the following, the relevant parameters are introduced
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on the basis of the Jaynes Cummings model, describing the coupling between a single two-

level system and a single quantized field mode. This model is extended, by increasing the

number of two-level systems, resulting in the Tavis-Cummings model. Finally, the results

of this model assuming a continuous drive are discussed, in addition to a categorization of

the coupling strength in three different regimes.

3.2.1 Jaynes-Cummings Model

This section illustrates the interaction between a single field mode and a two-level atom on

the basis of the Jaynes Cummings (JC) model [89], following the arguments in Ref. [90,91].

Treating the field quantum mechanically for the first time produced a theoretical model,

which has found many applications in the field of quantum information processing. Basis

is the JC-Hamiltonian

HJC = H
field

+Hatom +Hinter , (3.10)

describing the field, the two-level atom and their interaction, respectively.

The field Hamiltonian shall represent the energy of the microwave resonator in the

experiment. The quantization of the resonator field, into single quantas of energy, is

achieved by introducing the bosonic creation and annihilation operators a† and a

H
field

= ~ωr

(
a†a+

1

2

)
. (3.11)

The constant energy term of ~ωr/2 corresponds to the zero point energy of the vacuum

field. Considering only the energy part influenced by the interaction between the two

systems, this term is typically neglected.

The second term in Eq. (3.10) describes the energy levels of the two-level system. In

this case, each of the two ESR transitions of the phosphorus donor electron spin represents

the two-level system. A general form of the atom Hamiltonian is given by

H
atom

=
∑
k=g,e

Ejσkk = Egσgg + Eeσee =
~ωs

2

(
σee − σgg

)︸ ︷︷ ︸
σz

+1
1

2

(
Eg + Ee

)
, (3.12)

where the transition operator σ
kk

= |k〉 〈k| projects the eigenenergies of the ground state

Eg and the excited state Ee of the two-level system. For the case of a phosphorus donor,

the eigenenergies of the ground state would be represented by E4 (E3) and for the excited

state by E1 (E2), corresponding to the low (high) field spin transition (cf. Sec. 2.2.1). Using

Ee−Eg = ~ωs and the identity of the transition operator σgg +σee = 1, allows to express the

two energy levels by the Pauli spin matrix σz and the spin transition energy ~ωs , offset by

a constant energy term. As with the field Hamiltonian, the term of constant energy can be

neglected. The exact transition energies are given by the spin Hamiltonian in Eq. (2.10).

For simplicity only one of the two ESR transitions is considered in the following.

Assuming, that the microwave field and the phosphorus donor spin interact via a

magnetic dipole interaction, the interaction term is given by

Hinter = µB1 =
gePµB

~
SB1 . (3.13)

The magnetic moment operator depends on the spin operator S, as defined in Eq. (2.11).

The corresponding eigenvalues for a spin with s = 1/2 are S2 |m〉 = ~2s (s+ 1) |m〉 =
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~2 3
4 |m〉 and Sz |mk

〉 = ~m
k
|m

k
〉, where m

k=g
= −1/2 and m

k=e
= 1/2. Introducing addi-

tionally the transition operator yields

µ =
gePµB

~
S =

gePµB

~
∑
k,l

|k〉 〈k|S |l〉 〈l| =
∑
k,l

M
kl
σ
kl
, with k, l = g, e. (3.14)

Here, σ
kl

connects the two energy levels with a transition probability given by the transition

matrix element M
kl

=
g
eP
µ
B

~ 〈k|S |l〉. The magnetic field operator B1 can be applied in the

dipole-approximation, since the wavelength of the microwave field is much larger than the

dimension of the phosphorus donor spin [90]. Thereby, it is assumed, that the microwave

field magnitude is not spatially changing in the vicinity of the spin under investigation,

allowing to neglect the spatial dependence of the field. With the spin assumed to be

located at the origin, the magnetic field operator is given by

B1 = B1

((
k̂× ê

)
a+

(
k̂× ê∗

)
a†
)

= B1

(
êBa+ ê∗

B
a†
)
. (3.15)

The microwave field propagates along the unit wave vector k̂, which can be assumed to

be real for a propagation in vacuum. êB is the unit polarization vector of the magnetic

field and is oriented perpendicular to the wave vector k̂ and the polarization ê of the

accompanying electric field. The magnitude B1 is normalized to the ground state energy

density of the microwave resonator [2, 3, 90]

1

2

~ωr

2
=

1

2µ0

∫
B2

1
dV =

1

2µ0

B2
1
Vm , (3.16)

B1 =

√
µ0~ωr

2Vm

, (3.17)

with Vm being the mode volume of the resonator. Note, that the energy stored in the

resonator field is equally distributed in the magnetic and electric field. This is taken into

account by the factor of 1/2 on the left hand side of (3.16) [2]. Thus, the interaction term

writes

Hinter = µB1 =
∑
k,l

M
kl
σ
kl
B1

(
êBa+ ê∗

B
a†
)

=
∑
k,l

~σ
kl

(
g
kl
a+ g∗

kl
a†
)
, where g

kl
=
M
kl
êBB1

~
, (3.18)

introducing the single photon single spin coupling constant g
kl

. The coupling constant de-

scribes the rate of excitation exchange between the microwave resonator field and the single

phosphorus donor spin. If the probabilities for the spin transitions are equal (M
kl

= M
lk

),

the coupling constant can be simplified to g = g
kl

= g
lk

. The microwave field employed in

the conducted experiments has a linear polarization. Choosing the polarization vector to

êB = êx , allows to further rewrite the interaction term to

Hinter = B1

(
σeg

(
Meg êxa+Meg êxa

†
)

+ σge

(
Mge êxa+Mge êxa

†
))

= ~g
(
σeg + σge

) (
a+ a†

)
= ~g

(
σ− + σ+

) (
a+ a†

)
≈ ~g

(
σ+a+ σ−a

†
)
. (3.19)
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Here, the transition operators are identified with the Pauli spin raising and lowering ma-

trices σ± = σx ± iσy . In the last step of Eq. (3.19) the rotating wave approximation (RWA)

is employed [90]. The RWA neglects terms which create or annihilate simultaneous ex-

citations in the spin and the harmonic oscillator. These terms become relevant for the

interaction energy for a very strong coupling, which is denoted as the ultra strong cou-

pling regime (g ≈ ωr) [92]. For the case of the coupling between a single spin and a single

photon, g is typically small. To estimate g, the matrix transition element for a linear

polarized B1 field needs to be evaluated,

Meg êx =
gePµB

~
〈e|S |g〉 êx =

gePµB

~
〈e|Sx |g〉

=
gePµB

2~
(
〈e|S+ |g〉+ 〈e|S− |g〉

)
=
gePµB

2
= Mge êx , (3.20)

where the eigenvalues for the spin rasing and lowering operator are given by S± |mk
〉 =

~
√
s (s+ 1)−m

k
(m

k
± 1) |m

k
± 1〉 , k = e, g. Together with an estimate of the mode

volume of the CPWR Vm ≈ l · s2 = 3.3× 10−12 m3 [9], the coupling rate for the CPWR to

a single spin is

g

2π
=

1

2π

gePµB

2

√
µ0~ωr

2Vm

≈ 11.1 Hz. (3.21)

Thus, g is much smaller than ωr , and the RWA is suitable to apply. Finally, the full

Jaynes Cummings Hamiltonian in dipole approximation and RWA, for a linear polarized

microwave field writes

HJC = ~ωra
†a+

~ωs

2
σz + ~g

(
σ+a+ σ−a

†
)
. (3.22)

To ensure a lossless transfer of the excitation between the microwave field and the spin,

the coupling rate needs to be much larger than their individual loss rates κ0 and γ (as

defined in Sec. 2.1.1 and 2.2, respectively). Here, the typical experimentally obtained loss

rates range from the kHz to the MHz regime (cf. Sec. 3.1.3), several orders of magnitude

larger than the estimated g. Therefore, an excitation, be it either in the field or the

spin, would most probably decay in one of their individual loss channels, rather than

being exchanged between the two systems. This limits the application of a single spin for

quantum information processing or for quantum storage. However, this limitation can be

overcome by not only using a single spin, but instead a whole ensemble of spins, utilizing

collective effects.

3.2.2 Tavis-Cummings Model

Originally, R. H. Dicke pointed out, that for an ensemble of emitters, interacting via

a common classical radiation field, collective effects have a significant influence on the

relaxation behavior of the emitters [93]. The emitters are assumed to have an inter-particle

distance, which is small compared to the radiation field wavelength, but large compared

to their particle wavelength. Thus, dipole-dipole interactions within the ensemble are

negligible and the only interaction is mediated by the common radiation field. Dependent

on the initial state of the ensemble, the relaxation can be enhanced (superradiant) or

suppressed (subradiant). Collective effects can also enhance the coupling of an ensemble

of emitters to an radiation field. The Tavis-Cummings model expands the so-called Dicke
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model to describe the collective interaction of an ensemble of two-level systems with a

single quantized field mode [94, 95]. Here, the ensemble of two-level systems consists of

the ensemble of phosphorus donor electron spins and the field mode is provided by the

microwave resonator.

To describe the ensemble of spins collective operators are introduced, describing its

energy states, the so-called Dicke states [96]. These operators have the same properties as

the spin operator S of the previous section and are defined as

S =

Sx

Sy

Sz

 , Sx,y,z =
~
2

N∑
i=1

σi
x,y,z

(3.23)

S± = Sx ± iSy =
~
2

N∑
i=1

σi± . (3.24)

The eigenvalues, or Dicke states, are given by

S2 |J,M〉 = J (J + 1) |J,M〉 (3.25)

and Sz |J,M〉 = M |J,M〉 , (3.26)

with the quantum numbers J = 0 . . . N2 and M = −J . . . J , where N represents the number

of spins in the ensemble. J is known as the cooperation number, corresponding to the state

of the ensemble. For example, in the case of two spins, J = 0 represents the singlet state

and J = 1 the triplet state. The quantum number M gives the energy state of the

ensemble and characterizes the polarization of the spin ensemble. Thus, for M = −J all

spins are in the ground state |g〉 and for M = +J all spins are in the excited state |e〉.
The different energy states M are generated by applying the collective spin raising and

lowering operator, defined as

S± |J,M〉 =
√

(J ±M + 1) (J ∓M) |J,M ± 1〉 . (3.27)

With the collective operators the Tavis-Cummings Hamiltonian writes

HTC = ~ωra
†a+

~ωs

2
Sz + ~

N∑
i=1

gi

(
σi

+
a+ σi−a

†
)
, (3.28)

assuming identical spins, with each having the same transition frequency (ωi = ωs). Here,

the finite linewidth of the spin transition is neglected for the moment, but is considered

in the discussion of the dynamical behavior of the coupled system (cf. Sec. 3.2.3, 3.2.4).

For the coupled system the individual quantum numbers, like the photon number n

of the resonator and the collective spin energy state M , are no longer good quantum

numbers. Therefore, the operators a†a and Sz do not commute with HTC . Instead, the

number of excitations nex = n+
(
M + N

2

)
is conserved and

(
a†a+ Sz

)
commutes with HTC .

The energy eigenstates of the coupled system can be described by product states of Dicke

states of the spin ensemble and of resonator Fock states and are defined by nex , J and

either n or M (|nex , J, n〉 or |nex , J,M〉).
By considering the spin ensemble in a state with a high cooperation number J , the

situation can be further simplified [36]. Therefore, the spin ensemble needs to be highly
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polarized, which is the case at low temperatures (cf. Sec. 3.3.4). In this state, the theoreti-

cal description of the spin system is similar to the description of an ensemble of oscillators,

allowing the application of the Holstein-Primakoff approximation [97]. Thus, the single

spin operators can be mapped to bosonic operators [98],

σi
z
≡ b†

i
bi −

1

2
, (3.29)

σi
+
≡ b†

i

√
1− b†i bi , σi− ≡

√
1− b†i bi bi . (3.30)

The bosonic operators b†
i

and bi create and annihilate a spin excitation, having the same

properties as the ladder operators for a harmonic oscillator, but with the corresponding

Fock space limited by the number of spins N . The square root term in Eq. (3.30) maintains

the two-level system characteristic, ensuring that only one excitation per spin is possible

[36]. Additionally restricting the number of excitations to nex ≤ 1 and assuming J = N
2 ,

two collective spin states for identical spins can be defined to

|0〉 = |J,−J〉 = |g1 , g2 , . . . , gN 〉 and (3.31)

|1〉 = |J,−J + 1〉 =
1√
N

(
|e1 , g2 , . . . , gN 〉+ · · ·+

∣∣g1 , . . . , gN−1 , eN
〉)
. (3.32)

The excited collective spin state describes a single spin excitation, delocalized over the

whole ensemble, where the probability of exciting a specific spin is proportional to 1√
N

.

Thus, the probability to find a specific excited spin b†
i
bi is inversely proportional to N .

Typically, the number of spins contained in a magnetic solid is much larger than the number

of excitations (N � nex), allowing to neglect the square root factor in Eq. (3.30) [36]. This

yields for the Tavis-Cummings Hamiltonian

HTC = ~ωra
†a+ ~ωs

N∑
i=1

b†
i
bi + ~g

eff

(
b†a+ ba†

)
, (3.33)

with the constant energy term for the spin ensemble neglected. The operator b† =
1
g
eff

∑N
i=1 gib

†
i

describes the creation of a collective spin excitation and b its annihilation.

The collective coupling strength g
eff

is defined to
√∑N

i=1 |gi | and normalizes the creation

and annihilation operators. In the case of identical couplings (gi = g), g
eff

is given by the

single photon single spin coupling strength g, enhanced by
√
N . Therefore, the collective

coupling strength can exceed the individual loss rates of the microwave field and the spin

ensemble, by increasing the number of (polarized) spins interacting with the microwave

field. On this way, a coherent exchange of excitations can be realized.

3.2.3 Eigenstates of the Tavis-Cummings Model

For the case of a single excitation, the Tavis-Cummings Hamiltonian given in Eq. (3.33)

can be expressed by a 2× 2 matrix [23]

HTC = ~

(
ωs g

eff

g
eff

ωr

)
. (3.34)

On the diagonal are the eigenenergies of the uncoupled resonator and spin system, which

are coupled by the off diagonal elements. It is possible to introduce losses by a generalized
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Figure 3.8: The eigenvalues Eu/l
/h as a function of static magnetic field, using ωr/2π = 4.9 MHz,

κ0/2π = 400 kHz, γ/2π = 600 kHz and geff /2π = 1 MHz. For the spin transition resonance

frequency ωs/2π, respectively resonance field, the solution from the spin Hamiltonian (2.10) in

Sec. 2.2 for the high field spin transition is chosen. (a) Real part of Eu/l
/h, which corresponds

to the eigenfrequencies of the coupled hybrid system (solid blue and red lines), which are split

by 2geff /2π. Additionally, the uncoupled microwave resonator (violet dashed line) and spin

ensemble (green dashed line) dispersions are shown. (b) Absolute value of the imaginary part

of Eu/l
/h, describing the evolution of the loss rates for the upper branch (blue) and the lower

branch (red) of the avoided crossing.

Hamiltonian H
TC,eff

, where the resonator and spin ensemble resonance frequencies become

complex quantities [35,99]

ωr 7→ ω̃r = ωr − iκ0 , ωs 7→ ω̃s = ωs − iγ, (3.35)

where the loss rates are treated as imaginary contributions to the real resonance frequen-

cies. Note, that this is a simplified approach of introducing losses to the coupled system.

Typically losses are incorporated via a master equation approach in the density matrix

formalism [73,96,99]. The relaxation is modeled by an additional operator, describing the

interaction of the system with the environment. However, the simplified approach allows

for a clear discussion of the evolution of the parameters of the two subsystems, when they

are tuned in resonance.

The eigenvalues of Eq. (3.34), with consideration of the complex resonance frequencies,

describe the complex eigenenergies, respectively the eigenfrequencies of the coupled system

and are determined to

Eu/l
=

~
2

(
ω̃r + ω̃s ±

√
(ω̃r − ω̃s)

2 + 4g2
eff

)
. (3.36)

Figure 3.8 plots Eu/l
/h as a function of the static magnetic field, for characteristic param-

eters of the microwave resonator and the spin ensemble (see legend). In Fig. 3.8 (a) the

real part of Eq. (3.36) in frequency units is shown, which corresponds to the eigenfrequen-

cies of the coupled system. In addition, the resonance frequencies of the two uncoupled

subsystems are shown as dashed lines. At the degeneracy point, where both systems are

in resonance, the coupled system lifts this degeneracy by splitting the resonant modes

into two hybrid modes, corresponding to the microwave resonator / spin ensemble dressed

states. Hereby, <(Eu) describes the upper branch of the two hybrid modes and <(E
l
) the

lower branch of the so-called avoided crossing. The splitting at the degeneracy point is
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given by 2g
eff

, the rate at which the excitation is exchanged between the two subsystems.

The more the two subsystems get detuned from the degenerated interaction point, the

more the systems regain their individual character until they are completely uncoupled for

large detunings.

Figure 3.8 (b) plots the absolute value of the imaginary part of the eigenvalues Eu/l
/h,

describing the loss rate evolution of the upper and lower branches of the avoided crossing.

For a large detuning from the interaction point, the loss rates of the two branches corre-

spond to the loss rates of the uncoupled microwave resonator and spin ensemble systems

κ0 and γ, respectively. Close to the interaction point, the loss rates converge and finally

coincide when both systems are tuned in resonance. At this point, both hybrid modes

exhibit a half width at half maximum of
κ0+γ

2 , the average of the individual loss rates.

Note, that the loss rate of the coupled system depends on the coupling-density profile,

which is the convolution of the distribution of gi to each spin in the ensemble and the

spectral distribution of the spin ensemble itself [19, 35, 36]. Dependent on the spectral

distribution of the coupling-density profile, the linewidth of the hybrid modes can differ

from the average of the individual loss rates and instead be a function of the collective

coupling strength g
eff

.

3.2.4 Steady State Resonator Transmission Spectrum

To experimentally study the coupling between an ensemble of spins and a microwave

resonator, the microwave transmission through the resonator is detected. For a theoretical

description the transmission signal can be modeled by solving the corresponding master

equation of the system [96, 100] or by solving the Heisenberg equations for the resonator

and spin ensemble operators [35, 91, 101]. Here, the latter approach shall be discussed.

The Heisenberg equations for the photon and the collective spin operators are given by

ȧ =
i

~
[HTC , a] + [H

drive
, a] + κ0a, (3.37)

ḃ =
i

~
[HTC , b] + γb. (3.38)

In Eq. (3.37) a weak driving field is additionally considered, representing the measurement

on the microwave resonator. The drive is characterized by its frequency ω and amplitude

η, where the amplitude factor incorporates the external coupling rate into the resonator.

It is useful to represent the Hamiltonians in a frame, rotating with the drive frequency ω,

which yields [19,101]

H ′
TC

= ~∆ra
†a+ ~∆s

N∑
i=1

b†
i
bi + ~g

eff

(
b†a+ ba†

)
, (3.39)

H ′
drive

= −i~η
(
a− a†

)
. (3.40)

Thereby H ′
TC

explicitly depends on the drive frequency via ∆r = ωr − ω and ∆s = ωs − ω,

the detuning of the drive frequency to the microwave resonance frequency and the spin

ensemble transition frequency, respectively. Thus, in the rotating frame Eq. (3.37) and

(3.38) result in two coupled linear differential equations

ȧ = − (i∆r + κ0) a− ig
eff
b+ η, (3.41)

ḃ = − (i∆s + γ) b− ig
eff
a, (3.42)
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Figure 3.9: Color coded normalized power transmission |S21 |
2 as a function of frequency and

static magnetic field, using ωr/2π = 4.9 MHz, κ0/2π = 400 kHz, γ/2π = 600 kHz and

geff /2π = 1 MHz. For the spin transition resonance frequency ωs/2π, the solution from the

spin Hamiltonian (2.10) in Sec. 2.2 for the high field spin transition is chosen.

describing the dynamical behavior of the microwave resonator and the spin ensemble,

coupled to each other by the collective coupling strength g
eff

. For a continuous drive, the

coupled equations are solved in the steady state (ȧ = 0 and ḃ = 0) and yield for the photon

annihilation operator

a =
η

i∆r + κ0 +
g2
eff

i∆s+γ

(3.43)

Finally, the power transmission |S21 |2 is obtained by determining the average photon num-

ber of the microwave resonator [19,91]

|S21 |2 =
〈
a†a
〉

=

(
η

κ0

)2 ∣∣∣∣ κ0

i∆r + κ0 +
g2
eff

i∆s+γ

∣∣∣∣2. (3.44)

While the microwave resonator is decoupled from the spin ensemble, the prefactor
(
η
κ0

)2

gives the peak transmission, which corresponds to the average number of photons in the

resonator [91]. The transmission is a function of the drive frequency and in addition

the spin transition frequency can be tuned by the static magnetic field, spanning a two-

dimensional variable space. Figure 3.9 depicts a normalized simulation of the interaction

of a transmission resonator at 4.9 GHz with the high field spin transition of phosphorus

donors in silicon (see Sec. 2.2), using Eq. (3.44). The horizontal red line represents the

resonator mode, which is interrupted at a static magnetic field of 177.25 mT. At this

point, the resonator and the spin ensemble are in resonance with their resonance frequencies

degenerated. To lift this degeneracy the two systems hybridize, spectroscopically resulting

in an avoided crossing of the resonator mode. At the degeneracy point the separation of

the two hybrid modes is given by 2g
eff

.
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Figure 3.10: Simulated, normalized power transmission |S21 |
2 as a function of frequency for a

fixed static magnetic field chosen such, that microwave resonator and spin ensemble are in

resonance. For the three spectra κ0/2π = 400 kHz and γ/2π = 600 kHz, while they differ

in the values for the collective coupling strength geff . The spectra illustrate three coupling

regimes: Weak coupling regime (green line), the regime of high cooperativity (blue line, also

corresponds to a cut in Fig. 3.9 at B0 = 177.25 mT) and the strong coupling regime (red line).

In Figure 3.10 the normalized transmission |S21 |2 is ploted as a function of frequency

for a fixed magnetic field B0 = 177.25 mT, corresponding to the center of the avoided

crossing in Fig. 3.9. For comparison, three different spectra are shown, differing in the

collectiv coupling strength. For a coupled system consisting of a spin ensemble and a

microwave resonator, three (partly overlapping) coupling regimes can be distinguished [3].

The dimensionless cooperativity

C =
g2
eff

κ0γ
, (3.45)

allows a discrimination of the three regimes. (i) The weak coupling regime where C < 1

(green line in Fig. 3.10): Here, the collective coupling rate g
eff

between the microwave res-

onator and the spin ensemble is smaller than their individual loss rates κ0 and γ, respec-

tively. The resonator transmission spectrum shows a single peak, which height is reduced

compared to the uncoupled resonator transmission, since part of the energy stored in the

resonant mode is absorbed by the spin ensemble. (ii) The regime of high cooperativity with

the cooperativity C > 1 (blue line in Fig. 3.10): Here, the interaction rate g
eff

causes a level

repulsion of the eigenstates of the spin ensemble and the microwave cavity to an extend

that a double peak becomes spectroscopically visible. The two peaks have a finite overlap,

as g
eff

is in the same order of magnitude as the loss rates of the coupled subsystems. (iii)

The strong coupling regime with C � 1(red line in Fig. 3.10): Here, the coupling rate g
eff

exceeds both individual loss rates κ0 and γ, completely separating the two peaks of the

hybrid system. With the rate of excitation exchange g
eff

being faster than the loss rates, a

coherent exchange of (quantum) excitations between the subsystems is possible [102].
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3.3 Coupling phosphorus donors to a CPWR

In the following, the interaction of a superconducting niobium coplanar waveguide res-

onator with an ensemble of phosphorus donors in an isotopically enriched 28Si host is

investigated [3]. The experiments are conducted in the cryogen free dilution refrigerator

setup (cf. Sec. 2.3.1) with the loaded CPWR sample described in Sec. 2.3.3. At the lowest

temperature used, the coupling rate g
eff

between the microwave resonator and the electron

spin ensemble is determined and it is found that it is of similar size as the spin ensembles

dephasing rate γ, indicating a regime of high cooperativity. Furthermore, the coupling rate

between the CPWR and the phosphorus spins as a function of temperature up to 3.5 K is

investigated and is quantitatively describe in terms of the thermal spin polarization P (T ).

The discussion on the results follows closely the argumentation presented in Ref. [3].

3.3.1 Spectroscopic Characterization

Figure 3.11 (a) shows the microwave transmission spectroscopy data of the coupled spin

ensemble / microwave resonator system as a function of the magnetic field for a temperature

of T = 50 mK. The spectrum is recorded using a microwave power of −134 dBm or

40 aW at the input of the resonator. This power corresponds to an average of 17 photons

present in the microwave resonator when applied on the microwave resonator frequency.

The spectrum shows the characteristic high transmission of the microwave resonator at

its first harmonic with ωr/2π = 4.931 GHz. Additionally, a reduction of the microwave

transmission |S21 |2 through the resonator by a factor of ten at the magnetic fields B0,LF =

174.27 mT and B0,HF = 178.46 mT is observed, where the precession frequency of the spin

system matches the resonance frequency of the CPWR. The field separation of those two

resonances is 4.19 mT and is in very good agreement with the characteristic hyperfine

splitting of phosphorus donors in silicon [68].

For a coarse analysis, the data is fit by a lorentzian function to the |S21 |2 data for each

magnetic field point. Hereby, information about the effective half width at half maximum

κ of the microwave resonator is gained, as shown in Fig. 3.11 (b). The effective half width

directly corresponds to the information obtained in a conventional electron spin resonance

experiment [103]. Besides the two phosphorus resonances, a broad line at B0 = 175.5 mT

can be identified, which is compatible with the signature expected for dangling bond

defects P
b

at the Si/SiO2 interface at the sample surface [104]. Additionally, the central

line at B0 = 176.3 mT is attributed to exchange coupled P2 dimers [105]. Their presence is

expected for the high P doping concentration of [P] = 1× 1017 cm−3 of the sample [106].

To quantify the collective coupling g
eff

of the donor spins to the resonator photon

field the resonator transmission in the field region of the two isolated phosphorus donor

electron spin resonances is investigated. Figure 3.11 (c) shows the microwave transmission

|S21 |2 for the high field spin transition at B0 = 178.46 mT. It is found, that the microwave

response exhibits a normal mode splitting, indicative for the high cooperativity regime.

The separation of the two transmission peaks corresponds to 2g
eff

and thus allows a direct

determination of the collective coupling rate. Fitting Eq. (3.44) to the transmission data

allows for a more detailed analysis of the situation (orange line in Fig. 3.11 (c)). To account

for both spin transitions of phosphorus donors in silicon and the static magnetic field
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Figure 3.11: Spectroscopy data of the superconducting microwave resonator coupled to the

phosphorus spin ensemble taken at a temperature of 50 mK and an input microwave power

of 40 aW. (a) Color coded microwave transmission data |S21 |
2 as a function of the VNA

frequency and the static magnetic field B0 . The central line of high transmission indicates

the resonance frequency of the CPWR. At B0,LF = 174.27 mT and B0,HF = 178.46 mT the

resonator and the spin ensemble are in resonance resulting in a reduced transmission. These

resonances are separated by 4.19 mT, agreeing very well with the characteristic hyperfine

splitting of phosphorus donors in silicon. (b) Effective linewidth (circles with error bars) of

the resonator κ determined by a Lorentzian fit to the data in (a). Here, additional increases

of κ are attributed to dangling bond defects Pb and P2 dimers observed at B0 = 175.5 mT and

B0 = 176.3 mT, respectively. (c) Resonator transmission |S21 |
2 (circles) at B0 = 178.46 mT

(white dashed line in (a)), the resonance field of the high field spin transition. The resonator

mode exhibits the characteristic normal mode splitting resulting in two individual transmission

peaks separated by 2geff . The solid orange line represents a fit using (3.46).

dependence, Eq. (3.44) is modified to (see Appendix A.1)

|S21 |2 =

∣∣∣∣ η

i (ω − ωr)− κ0 +
2∑

n=1

g2
eff

i
g
eP
µ
B

~
(
B0 −B0,n

)
− γ

∣∣∣∣2 with n = LF,HF. (3.46)

The fit to the data outside the electron spin resonance yields a resonator loss rate of

κ0/2π = 370 kHz. Taken together with the resonator frequency of ωr/2π = 4.931 GHz

this corresponds to a quality factor of Q ≈ 6600, which is still high considering the static

magnetic field of more than 170 mT. Futhermore, the calibrated data allows to determine

the external and the internal quality factor to Qext = 9793 and Qint = 20857, respectively,

indicating that the microwave resonator operates in the overcoupled regime [41]. Analyzing

the data from the resonance fields B0,LF and B0,HF , the loss rate of the spin ensemble can

be determined to γ/2π = 1.38 and 1.40 MHz and the collective coupling rate is found

to g
eff
/2π = 1.13 and 1.07 MHz, respectively. Thus, the coupled system is in the high

cooperativity regime for both resonances as C = 2.5 and 2.0, which are both > 1.
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3.3.2 Modeling the Coupling

In the following, the experimentally extracted collective coupling rate g
eff

is compared with

theory. The coupling strength g
eff

is given by the single photon single spin coupling rate g

of Eq. (3.21) enhanced by the square root factor of the number of spins N [25]. Assuming

an equal coupling rate for all spins

g
eff

=
gePµB

2~
B1

√
N =

gePµB

2

√
µ0~ωrN

2Vm

=
gePµB

2~

√
µ0ρ~ωr

2

vm
2
. (3.47)

Here, the magnitude of the oscillatory magnetic field B1 is given for spin 1/2 and a linear

polarized microwave field, as defined in Eq. (3.17) of Sec. 3.2.1. vm = V
Vm

can be understood

as the filling factor of the resonator mode volume Vm , filled by the phosphorus doped silicon

sample of volume V and donor concentration ρ. A g
eff
/(2π) = 4.48 MHz is obtained for

the optimal condition that the complete upper hemisphere of the CPWR mode volume is

filled, which corresponds to vm = 0.5 and assumes a spin density ρ = 1× 1017 cm−3.

Phosphorus donors in silicon show two electron spin resonance transitions due to the

finite hyperfine interaction between the electron and nuclear spin of the phosphorus donor

(cf. Sec. 2.2). At a temperature of 50 mK the electron spins are fully polarized and the nu-

clear spin polarization is about 2.5 %. For the specific case of phosphorus donors in silicon

it can be safely approximated that each of the two hyperfine split ESR transitions contains

50 % of the total spin density ρ. Therefore, the number of transitions (2) reduces g
eff

by

an additional factor of
√

2 yielding g
eff
/(2π) = 3.17 MHz for each individual transition. A

value which is larger than the experimentally observed values of 1.07 MHz and 1.13 MHz.

For the more realistic situation of a finite gap of width d between the 28Si crystal and

the coplanar microwave resonator a numerically approach to calculate g
eff

is chosen. At

first, the microwave B1 field distribution according to Ref. [78] is simulated, where the B1

field magnitude is again normalized to the ground state energy density of the resonator

given in Eq. 3.17. This yields a position-dependent coupling strength g(ri). In total, the

effective coupling writes [19]

g
eff

=

√√√√1

2

N∑
i=1

|g(ri)|2 =
gePµB

2~

√√√√1

2

N∑
i=1

|B1(ri)|2. (3.48)

The index i refers to each individual spin contained inside the phosphorus doped 28Si

crystal. The calculation is performed on a discrete lattice with lattice constant a, where

at each lattice site a spin is located given by the vector ri . Assuming a homogeneous

spin distribution in the sample, the lattice constant can be determined by the mean inter-

particle distance to 26.73 nm for a phosphorus donor concentration of 1 × 1017 cm−3. The

numerical B1 field calculation is performed for the cross-section of the CPW [78], which is

placed in the yz-plane with the z-coordinate being normal to the CPW surface. For the

x-coordinate along the length l of the CPWR, the yz-field has a sinusoidal modulation,

reflecting the shape of the first harmonic mode of the resonator,

g
eff

=
gePµB

2~

√√√√1

2

N∑
i=1

|B1(ri)|2 =
gePµB

2~

√√√√1

2

N∑
i=1

[
(B2

y,i
+B2

z,i
)

∣∣∣∣sin(2πl

xi

)∣∣∣∣2 F
]
. (3.49)
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For electron spin resonance the oscillatory magnetic field B1 needs to be perpendicular to

the static magnetic field B0 . This condition cannot be fulfilled on the whole length l of the

resonator (cf. Fig. 2.2). Thus, for the calculation only the parts of the resonator where B1

is perpendicular to B0 are considered, corresponding to locations where the center line of

the CPWR is aligned in parallel with the static magnetic field B0 (cf. Fig. 2.11 (a)), which

is accounted for by the piecewise defined function

F =

{
1 if CPW || B0

0 else
. (3.50)

For a gap of width of d = 12.5µm we obtain g
eff
/(2π) = 1.10 MHz, which is in good

agreement with the experimentally determined values. The corresponding gap is attributed

to the absence of special CPWR and 28Si crystal cleaning procedures prior to mounting

the spin ensemble.

3.3.3 Spin Loss Rate Discussion

The extracted spin ensemble loss rate γ translates with Eq. (2.17) to a magnetic full width

at half maximum (FWHM) linewidth of ∆B = 98.52 and 99.80µT for the low and high

field resonance, respectively. For phosphorus donors in isotopically purified 28Si a reduced

linewidth compared to natSi is expected [4,107,108]. Figure 3.12 (a) shows the dependence

of the ESR linewidth on the 29Si concentration of a silicon crystal as reported in Ref. [70].

According to Abe et al (Ref. [70]), the linewidth increases linearly with the residual 29Si

concentration f , for f < 0.05. For larger concentrations, the linewidth follows a f0.5

dependence. The additional broadening is caused by the fluctuating non-zero nuclear

moment of the 29Si, interacting with the phosphorus donor spin. Hereby, the Larmor

frequency of each individual phosphorus donor becomes slightly offset, depending on the

exact location and spin state of the 29Si nuclear spin , resulting in a linewidth broadening.

The Zeeman splitting of the 29Si nuclear moments is in the MHz-regime. The corresponding

temperature of this splitting lies in the sub mK-regime, a regime not accessible in the here

presented experiments. Thus, a contribution of the fluctuating 29Si moments cannot be

suppressed at the temperatures employed in this thesis, but can be limited by isotopically

purification.

The residual 29Si concentration f of the investigated phosphorus doped 28Si crystal is

0.001, which corresponds to an expected magnetic FWHM linewidth of 6µT (see green

line in Fig. 3.12 (a)) [70], more than a factor of 10 smaller than the extracted linewidth of

∆B = 98.52 and 99.80µT, obtained from the data shown in Fig. 3.11. This discrepancy is

attributed to inhomogeneities in the static magnetic field B0 provided by the superconduct-

ing magnet. The specified inhomogeneity of the superconducting magnet is 0.01 % over

10 mm, relative to the most homogeneous point of the magnet. For an estimation, the sili-

con crystal’s dimension on top of the CPWR is assumed to be 4×4mm2 (cf. Fig. 2.11 (a)).

This would correspond to an absolute field inhomogeneity of 70µT at 176 mT, applied

along the axis of the magnet. However, a misalignment of the sample by only 1 mm from

the optimal field position, would increase the inhomogeneity by 0.002 % and the abso-

lute field inhomogeneity to 105µT. This is verified by reference experiments with similar

prepared crystals (cf. Sec. 2.2.2) in a commercial Bruker electron spin resonance spectrom-

eter performed at a temperature of 8 K, yielding a linewidth of ∆B
Bruker

= 37.7µT (see
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Figure 3.12: (a) ESR magnetic FWHM ∆B as a function of the residual 29Si concentration f of

a silicon crystal (taken from Ref. [70]). The green line indicates the 29Si concentration of the

used silicon crystal and the corresponding expected linewidth. (b) Resonator transmission

|S21 |
2 (circles) at B0 = 178.46 mT (white dashed line in Fig. 3.11 (a)). The solid blue line

represents a simulation of the transmission using the parameters obtained in Sec. 3.3.1, except

that γBruker instead of γ is used.

Sec. 4.3.2).

The extracted magnetic field linewidth corresponds to a γ
Bruker

/2π = 530 kHz indicating

that the observed γ in the millikelvin experiments, due to an not sufficiently homogeneous

static magnetic field B0 . Therefore, considering γ
Bruker

instead of γ places the coupled

system in the strong coupling regime and correspondingly results in a cooperativity of

C = 6.5 and 5.8 for both electron spin resonances. Furthermore, Figure 3.12 (b) compares

the microwave transmission |S21 |2 for the high field spin transition at B0 = 178.46 mT

(circles), with a simulation using the extracted parameters from Sec.3.3.1, except that the

spin loss rate γBruker is used (solid line). The two peaks are spectroscopically well separated,

indicating the regime of strong coupling. Thus, the investigated phosphorus spin ensemble

in the 28Si host material is well in the strong coupling regime, if the limitation due to the

magnetic field inhomogeneities of the superconducting magnet are reduced to by one order

of magnitude. One approach would be to reduce the area taken by the sample within the

static magnetic field. This reduces the effect of the field inhomogeneity and consequently

the broadening of the spin resonance lines, which is also demonstrated by using the much

smaller LER design in Sec. 3.4.

3.3.4 Temperature Dependence of g
eff

Next, the collective coupling strength g
eff

as a function of temperature up to 3.5 K for

both the low field and high field resonance are investigated, as shown in Fig. 3.13 (a). For

each temperature, the collective coupling is determined as described in Sec. 3.3.1, using

Eq. (3.46). With increasing temperature the coupling strength reduces from its maximum

at 50 mK. For temperatures above 100 mK the coupling to both resonances follows the

same temperature dependence. Below 100 mK a finite difference in the coupling strength

of the two resonances is observed, with the low field resonance having the higher g
eff

.

This behavior is understood as g
eff

= g
√
NP (T ) scales with the thermal polarization
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Figure 3.13: (a) Collective coupling geff as a function of logarithmic scaled temperature for both

the low field (blue triangles) and high field (red triangles) spin transition. For low temperatures

there is a finite difference in the coupling rates, which is attributed to the thermal nuclear spin

polarization. The dependence is well described by the statistical model (dashed lines), taking

all eigenenergies of the phosphorus donor (S = 1/2, I = 1/2) into account. (b) Calculated spin

polarization for the two allowed electron spin resonance transitions as a function of logarithmic

scaled temperature, taking into account the occupation probability of the respective transition

(LF, HF).

P (T ) of the respective spin resonance transition [19]. P (T ) can be derived from the

thermal population of the individual energy levels of the phosphorus donor spin system

with electron spin S = 1/2 and nuclear spin I = 1/2.

The probability pi that a given energy state Ei is occupied at a temperature T is given

by [109]

pi =
e−Ei/kBT

Z
, i = 1..4, (3.51)

where kB is the Boltzmann constant. The probability is normalized to the single particle

partition function Z which is the sum of all Boltzmann factors of all available energy states

Ei
Z =

∑
i

e−Ei/kBT . (3.52)

Assuming unstrained silicon the possible energy levels for phosphorus donors in silicon

are given by the Hamiltonian (2.10), given in Sec. 2.2. In the limit of high fields, four

distinct energy levels are present in the spin system (cf. Fig. 2.6). Using the expressions

for the energy levels E1 to E4 of Eq. 2.16, allows to formulate the corresponding population

probabilities in thermal equilibrium to

pj =
e−Ej /kBT∑

i=1..4 e
−Ei/kBT

, j = 1..4. (3.53)

From these the electron spin polarization P (T,B0) of the low field (LF) and the high field

(HF) electron spin transitions (E1 → E4 and E2 → E3) can be deduced to

PLF(T,B0) = |p1 − p4 | and (3.54)

PHF(T,B0) = |p2 − p3 | , respectively. (3.55)
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The polarization of the two electron spin resonance transitions is displayed in Figure

3.13 (b) for a fixed magnetic field of 176.5 mT, resembling the conditions of our experiment.

Our data corroborates the expected theoretical behavior as indicated by the dashed

lines in Fig. 3.13 (a). Below 100 mK, the electron spin system is fully polarized and the

nuclear thermal polarization gives rise to a difference in the collective coupling constants

for the two spin resonance transitions. In contrast, above 100 mK, the thermal nuclear

polarization is negligible and a T−1/2 dependence for g
eff

is found. As expected from the

statistical model, the collective coupling is dominated by the thermal electron polarization

of a S = 1/2 system, emphasizing that g
eff
∝
√
P (T ).

3.4 Coupling Phosphorus Donors to a LER

The interaction of a set of superconducting lumped element resonators with an ensemble

of phosphorus donors is studied in this section. Using the LER chip described in Sec. 2.1.2,

loaded with pieces of phosphorus doped 28Si (cf. Sec. 2.3.3), the dependence of the cou-

pling strength on the resonator coverage is investigated. At the base temperature of the

cryogen free dilution refrigerator setup (cf. Sec. 2.3.1) low power continuous microwave

spectroscopy is used to extract the relevant parameters of the hybrid system. The results

are discussed and the LERs performance is compared with the of the CPWR. An unex-

pected asymmetry in the linewidth of the split normal mode transmission dips is observed

in the experiments concerning the LER’s. The origin of this asymmetry is discussed and

a model is proposed for its description.

3.4.1 Spectroscopic Characterization

The loaded resonators A to C interact with the spin ensemble with different coupling

strengths. The evaluation is shown exemplary for resonator B, exhibiting the largest

g
eff

. Figure 3.14 (a) shows the color coded microwave transmission |S21 |2, coupled to the

phosphorus donor spin ensemble as a function of the VNA frequency and the static mag-

netic field. At a temperature of 50 mK, the resonator is characterized by an asymmet-

ric lorentzian shaped transmission reduction (cf. Sec. 3.1.2), where the power transmis-

sion is reduced by 13 dB. For B0 = 175 mT, the resonance frequency is determined to

ωr,B/2π = 4.756 GHz. The resonance frequency dispersion of the microwave resonator

exhibits a distinct normal mode splitting at the magnetic fields B0,LF = 168.36 mT and

B0,HF = 172.54 mT. Here, resonator and spin ensemble couple and form a hybrid system,

thus they exchange energy with a rate of g
eff

. The two avoided crossings are separated

by 4.18 mT, the characteristic hyperfine splitting of the low-field (LF) and high-field (HF)

electron spin transitions in phosphorus donors.

Analyzing the resonator transmission, using Eq. (3.6), allows to extract the effective

HWHM κ of the coupled system, which is ploted as a function of the magnetic field in

Fig. 3.14 (b). This evaluation is only valid for magnetic fields where the resonator mode

shows no splitting. However, it reveals additional spectroscopic features in the field region

between the two phosphorus donor electron spin transitions, since κ corresponds to the

information obtained by conventional ESR experiments [103] (cf. Sec. 3.3.1). As with

the CPWR experiments, a contribution of P2 dimers centered between the low and high

field transitions is observed, at B0 = 170.32 mT. In contrast to the single dangling bond
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Figure 3.14: Spectroscopy data of the superconducting lumped element resonator B coupled

to the phosphorus spin ensemble taken at a temperature of 50 mK and an input microwave

power of 40 aW. (a) Color coded microwave transmission data |S21 |
2 as a function of the

VNA frequency and the magnetic field B0 . The central line of low transmission indicates the

resonance frequency of the LER. At B0,LF = 168.36 mT and B0,HF = 172.54 mT the resonator

and the spin ensemble are in resonance resulting in an avoided crossing. These resonances

are separated by 4.18 mT, the characteristic for the hyperfine splitting of phosphorus donors

in silicon. (b) Effective linewidth (circles with error bars) of the resonator κ determined by

the lorentzian fit (3.56) to the data in (a). Here, additional increases of κ are attributed to

dangling bond defects Pb0 , Pb1 and P2 dimers observed at B0 = 169.56 mT, B0 = 169.9 mT and

B0 = 170.32 mT, respectively. (c) Resonator transmission |S21 |
2 (circles) at B0 = 172.54 mT

(black dashed line in (a)), the resonance field of the high field spin transition. The resonator

mode exhibits the characteristic normal mode splitting resulting in two individual transmission

dips separated by 2geff .

defect P
b

feature found in the CPWR experiments, here two peaks can be distinguished,

located at magnetic fields of 169.56 mT and 169.9 mT. These peaks can be an indication

for two different Si/SiO2 interface defects at the silicon surface, the P
b0

and P
b1

defects

[104,110,111]. However, further investigations, like angle dependent ESR experiments, are

needed to confirm the classification of the P
b0

and P
b1

defects.

Figure 3.14 (c) shows the microwave transmission |S21 | as a function of the VNA fre-

quency, at a magnetic field of B0 = 172.53 mT (indicated by the dashed black line in

Fig. 3.14 (a)). The spectrum shows two well separated transmission dips, indicating a

strongly coupled resonator / spin ensemble hybrid system. However, the two dips exhibit

a significant asymmetry with respect to their linewidth, which is not expected within the

Tavis-Cummings model (see Sec. 3.2.3 and Sec. 3.2.4). Possible origins of the asymmetric

normal mode splitting are discussed in Sec. 3.4.2.

Due to the asymmetric splitting visible in Fig. 3.14 (c), the model function given by

Eq. (3.46), is not applicable to extract the relevant parameters of the coupled system.

Therefore, an alternative approach for identifying the hybrid system’s parameter is pre-

sented in the following.

The loss rate of the microwave resonator κ0 is extracted from the off-resonant effective

HWHM κ in Fig. 3.14 (b). At B0 = 167 mT the loss rate κ0/2π ≈ 410 kHz, a magnetic field

where resonator and spin ensemble are far detuned and can be assumed non-interacting.
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Figure 3.15: Spectroscopy data of the superconducting lumped element resonator B coupled

to the phosphorus spin ensemble taken at a temperature of 50 mK and an input microwave

power of 40 aW. (a) Color coded microwave transmission data |S21 |
2 as a function of the VNA

frequency and the magnetic field B0 . (b) Microwave transmission |S21 |
2 as a function of B0 for

a fixed VNA frequency of 4758.5 MHz (horizontal dashed line in (a)). The two transmission

dips indicate the LF and the HF spin transitions, with the spin ensemble far detuned from the

microwave resonator. (c) and (d) Magnetic FWHM ∆B as a function of the VNA frequency

for the LF and the HF spin transition, respectively. ∆B is determined by fitting Eq.(3.56) to

the microwave transmission along the magentic field axis for a fixed frequency. Valid results

are obtained only for large frequency detunings from the resonators resonance frequency.

With a resonance frequency of ωr,B/2π = 4.756 GHz this corresponds to a Q-factor of

QB = 5796. Additionally, the fit of Eq. (3.6) to the transmission data yields an internal

and external Q-factor of Qint,B = 24265 and Qext,B = 7636, respectively.

The spin loss rate γ is determined using an complementary approach. Here the trans-

mission data shown in Fig. 3.15 (a) is analyzed for a fixed frequency along the magnetic field

axis. Figure 3.15 (b) shows the microwave transmission |S21 |2 as a function of the magnetic

field, at a microwave frequency of 4.7585 GHz (indicated by the horizontal dashed line in

Fig. 3.15 (a)). The distinct dips correspond to the LF and HF electron spin transitions.

Fitting a lorentzian transmission function to the resonance dips

|S21 |2 = S2
0
−A2

0

∆B2
n

(B0 −∆B0,n)2 −∆B2
n

with n = LF,HF (3.56)

results therefore in an effective magnetic FWHW field linewidth ∆B of the spin system.

For frequencies far detuned from the microwave resonator we expect, analogously to the

analysis of the bare linewidth of the microwave resonator, the bare linewidth of the spin

ensemble. Figure 3.15 (c) shows the resulting linewidth as a function of the VNA fre-

quency for the LF and HF spin transitions. Note, that the analysis is only valid for

frequencies far detuned form the resonator frequency of ωr,B/2π = 4.756 GHz, when the

resonance lineshape resembles a lorentzian form. For frequencies larger than 4.758 GHz

or lower than 4.753 GHz, the linewidth settles on a value of ∆BLF = 37.89µT ± 9.74µT

and ∆BHF = 32.66µT± 9.94µT for the LF and HF electron spin transition, respectively.

The large error margins result from the limited static magnetic field resolution of the
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Resonator κ0/2π γ
LF /HF

/2π g
eff,LF /HF

/2π C
LF /HF

Coverage

(kHz) (kHz) (MHz)

A 425 1271 / 1297 0.46 / 0.51 0.39 / 0.47 100

B 410 529.29 / 456.77 1.37 / 1.23 8.64 / 8.08 54

C 430 796.91 / 473.84 0.79 / 0.77 1.82 / 2.91 42

Table 3.4: Summary of the determined parameters of the microwave resonator / spin ensemble

hybrid system, for the LERs A to C.

superconducting solenoid. However, the linewidth B
Bruker

= 37.7µT, found from investi-

gations on the same crystal with a commercial Bruker ESR spectrometer (see Sec. 4.3.2),

resides within the error of the extracted linewidth. The magnetic FWHM translates via

Eq. (2.17) to a loss rate of the spin ensemble of γLF/2π = 529.29 kHz ± 136.22 kHz and

γHF/2π = 456.77 kHz± 139.02 kHz for the low- and high-field spin transition, respectively.

This additionally confirms that B0 field inhomogeneities are responsible for the increased

spin resonance linewidth, observed in the CPWR experiments (cf. Sec. 3.3.1). Due to the

smaller area occupied by the LER in the B0 field, it is less prone to its field inhomogeneities.

The collective coupling 2g
eff

can be determined by the microwave resonator’s normal mode

splitting at the degeneracy point. At the resonance fields B0,LF and B0,HF the coupling rate

is found to be g
eff,LF

/2π = 1.37 MHz and g
eff,HF

/2π = 1.23 MHz. For both spin transitions

g
eff

exceeds the individual loss rates κ0 and γ, showing that the hybrid system resides in

the strong coupling regime. The corresponding cooperativities for the LF and HF spin

transitions are CLF = 8.64 and CHF = 8.08, respectively.

The transmission data for the resonators A and C are analyzed equally and the results

are summarized in Tab. 3.4, together with the results of resonator B. Appendix A.2 con-

tains the transmission spectra for the resonators A and C. From the resonator’s coverage,

estimated from Fig. 2.11 (b), the largest collective coupling rate would have been expected

for resonator A. However, resonator B exhibited the strongest coupling to the spin en-

semble, with a coverage of roughly 54 %. This might be attributed to a better resonator

surface / 28Si crystal interface of the large central piece, covering resonators B and C (cf.

Fig. 2.11 (b)). This assumption is supported by the fact, that resonator C shows the second

largest coupling rate, although it is only covered by the doped silicon crystal by roughly

42 %.

In comparison to the CPWR, the LER shows an overall better performance for being

coupled to the phosphorus donor spin ensemble. As the uncoupled resonator loss rate

κ0 and Q-factor are very similar for both resonator designs, the key difference is their

geometrical footprint on the chip. The planar dimension of the LER is about one order

of magnitude smaller than the dimension of the CPWR. Consequently, the size of the

phosphorus doped 28Si crystal, required to cover the LER, is also smaller. This reduces

the effects of inhomogeneous broadening on the ESR linewidth, due to inhomogeneities in

the static magnetic field. For the CPWR experiments the observed spin loss rate is larger

than expected, preventing the microwave resonator spin ensemble hybrid system to enter

the strong coupling regime. With the LER design this limitation could get resolved and

allowed the realization of strong coupling.
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Figure 3.16: (a) Normalized simulation of the microwave transmission |S21 | as a function of the

static magnetic field and the VNA frequency, using Eq. (3.59). For the simulation κ0/2π =

410 kHz, γ/2π = 500 kHz, geff /2π = 1.3 MHz and ϕ = 0.1 are used, assuming the same

parameters for the LF and HF spin transitions. (b) and (c) Simulated microwave transmission

as a function of the VNA frequency for fixed magnetic fields, showing the uncoupled microwave

resonator (purple dashed line in Fig. 3.16 (a)) and the HF coupled resonator / spin ensemble

hybrid system (blue dashed line in Fig. 3.16 (a)), respectively.

3.4.2 Asymmetric Linewidth of Normal Mode Splitting

Characteristic for the resonators B and C is that the broader dip is always located on the

lower frequency side, over the full magnetic field dispersion of the avoided crossing. For

resonator A this characteristic is only found for the LF spin transition and inversed for

the HF spin transition. Considering the microwave transmission data of resonator B, the

dip on the low frequency side is by a factor of 3.5 broader than the high frequency side

dip, for both electron spin transitions. To describe the asymmetric linewidth of the two

microwave transmission dips of the resonator / spin ensemble hybrid system, two different

approaches are considered and discussed in the following.

(i) As the microwave transmission of all five LERs exhibits a distinct asymmetric

lorentzian lineshape, it can be assumed that the microwave transmission of the coupled

system also exhibits an asymmetry. To consider the LER lineshape, the drive η in Eq. 3.41

is assumed complex. This allows to describe the interference between the microwave signal

on the feedline and the resonator signal by a phase ϕ, changing the two coupled linear

differential equations for the hybrid system to,

ȧ = − (i∆r + κ0) a− ig
eff
b+ ηeiϕ, (3.57)

ḃ = − (i∆s + γ) b− ig
eff
a, (3.58)

Soving the system of equations for an absorption resonator, results in the power transmis-

sion |S21 |,

|S21 |2 =

(
η

κ0

)2
∣∣∣∣∣∣κ0 −

κ0e
iϕ

i∆r + κ0 +
g2
eff

i∆s+γ

∣∣∣∣∣∣
2

. (3.59)

Figure 3.16 (a) shows a normalized simulation of the microwave transmission |S21 |2, using

a comparable set of parameters found for resonator B (see Tab. 3.4). Assuming a phase of

ϕ = 0.1, the simulation resembles the asymmetric lineshape of the uncoupled resonator,
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as shown in Fig. 3.16 (b) (cf. Fig. 3.6). However, the microwave transmission at the two

degeneracy points only show an asymmetry at the edges of the resonator’s split normal

mode, with a equal linewidth for the two dips (shown in Fig. 3.16 (c) for the HF spin

transition). The assumption of a complex microwave drive is therefore not sufficient to

describe the asymmetric linewidth distribution in the strong coupling regime. It only

affects the microwave resonator’s transmission and leaves the coupling between resonator

and spin ensemble unchanged.

(ii) When microwave resonator and spin ensemble are not directly exchanging energy

via the magnetic dipole interaction, an asymmetric linewidth of the normal mode splitting

can occur [112]. In this case, the individual subsystems exchange energy via a bath of

vacuum field modes, by spontaneous emission into a bath mode and subsequent reabsorp-

tion. The bath modes have arbitrary phase relations, which results in a loss of coherence

of the transferred energy state. For the LER experiments, the broadband feedline could

represent such a bath, able to support an infinite number of field modes, providing a way

for an incoherent coupling of microwave resonator and spin ensemble.

As with the coherent coupling, the incoherent coupling is characterized by a coupling

rate ginco . The incoherent coupling is introduced as a complex contribution to the coupling

rate g
eff

in the Tavis-Cummings model, similar to the introduction of loss in Sec. 3.2.3.

Thus, the matrix representation of H
TC,eff

changes to [112],

HTC,inco = ~

(
ω̃s g

eff

g
eff

ω̃r

)
− i
(

0 ginco

ginco 0

)
, (3.60)

with the corresponding energy eigenstates,

Eu/l,inco
=

~
2

(
ω̃r + ω̃s ±

√
(ω̃r − ω̃s)

2 + 4
(
g2
eff
− g2

inco
− 2ig

eff
ginco

))
, (3.61)

where <(Eu/l,inco
)/h describes the dispersion of the eigenfrequencies and |=(Eu/l,inco

)/h| the

evolution of the loss rates for the upper and lower branches of the avoided crossing. Us-

ing Eq. (3.6), the resonator transmission is fitted in the vicinity of the HF spin transition.

Hereby, the fit is restricted to fit only one of the two resonance dips of the avoided crossing.

This allows to extract the eigenfrequencies of the upper and lower branch. The results

resemble the avoided crossing and can be very well described by <(Eu/l,inco
)/h, as shown

in Fig. 3.17 (a). The incoherent coupling ginco effectively reduces the coherent coupling rate

g
eff

, without changing the dispersion of the eigenfrequencies, with respect to the solutions

discussed in Sec. 3.2.3. Thus, with respect to the eigenfrequencies, solely from investigating

<(Eu/l,inco
), a contribution from an incoherent interaction cannot be determined. There-

fore, the linewidth of the avoided crossing branches at the HF spin transition is studied

additionally, by fitting a double lorentzian function to the microwave resonator’s transmis-

sion data for fixed magnetic fields. Figure 3.17 (b) plots the obtained HWHM linewidth

for the upper (blue symbols) and lower (red symbols) branch as a function of the B0

field. The analysis works best near the degeneracy point, where both transmission dips

are clearly distinguishable from the background. The non constant background further

complicates the analysis of the transmission dip of the spin ensemble dispersion, prevent-

ing the extraction of its linewidth far away from the degeneracy point. The linewidth of

the upper branch is given by the microwave resonator’s κ0/2π for fields smaller than the

spin resonance field B0,HF = 172.54 mT. With increasing B0 the upper branch’s linewidth
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Figure 3.17: (a) Eigenfrequencies of the coupled microwave resonator / spin ensemble (symbols)

at the HF spin transition as a function of the magnetic field, found by fitting Eq. (3.6) to

the microwave transmission data. The solid lines represent the real part of <(Eu/l,inco
)/h.

(b) HWHM linewidth of the two transmission dips, for the upper (blue symbols) and lower

(red symbols) branch of the avoided crossing, shown in (a). The solid lines are calculated by

|=(Eu/l,inco
)/h|. The best agreement with the data in (a) and (b) is obtained for κ0/2π =

410 kHz, γHF/2π = 670 kHz, geff /2π = 1.23 MHz and ginco/2π = −250 kHz.

decreases to a minimum of 230 kHz at B0 = 172.56 mT. For larger magnetic fields, the

linewidth increases to a value, which is expected to be governed by loss rate γ of the spin

ensemble. In the case of the lower branch, the linewidth peaks at B0 = 172.56 mT with

a maximum of 854 kHz and decreases to a linewidth given by κ0/2π, for large magnetic

fields. The extracted linewidth data can be described quantitatively by |=(Eu/l,inco
)/h|

(solid lines in Fig. 3.17 (b)). Here, the parameters given in Tab. 3.4 are used, except for

γHF to obtain a better agreement with the data (see figure caption). To reproduce the

asymmetric linewidth distribution, an incoherent coupling rate of ginco/2π = −250 kHz is

assumed. Although, ginco is by a factor of five smaller than the coherent coupling rate

g
eff

, it provides a significant contribution to the loss rate evolution of the upper and lower

branches of the avoided crossing (cf. Sec. 3.2.3). The point of average linewidth, where

both split transmission dips have a linewidth of
κ0+γ

HF
2 , is shifted from the degeneracy

point to a higher magnetic field.

Next, the assumption of an incoherent coupling rate is tested on the measured mi-

crowave transmission data |S21 |2. Based on Eq. (3.59), incorporating a complex microwave

drive with phase ϕ, ginco is introduced by changing g
eff

to g̃
eff

= g
eff
− iginco . In addition, an

offset S0 is included to take the high frequency losses of the CPW feedline into account.

Together, this yields for the microwave transmission

|S21 |2 = S0

(
η

κ0

)2
∣∣∣∣∣∣κ0 −

κ0e
iϕ

i∆r + κ0 +
g̃2
eff

i∆s+γ

∣∣∣∣∣∣
2

. (3.62)

Figure 3.18 (a) shows the microwave transmission |S21 |2 of the LER B. Equation (3.62) fits

in good agreement to the uncoupled resonator transmission data, as shown in Fig. 3.18 (b)

for B0 = 167.4 mT. To describe the data in the interaction region, the resonator loss

rate is fixed to κ0/2π = 410 kHz to improve the robustness of the fit. Furthermore, the

selection of appropriate start values for the spin ensemble’s loss rate, the coherent and

incoherent coupling rates is made with respect to the previously determined parameters,
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Figure 3.18: (a) Microwave transmission |S21 |
2 of the LER B as a function of the VNA frequency

and magnetic field, at a temperature of 50 mK and a microwave power of 40 aW. (b) |S21 |
2 of

the uncouple microwave resonator (symbols) as a function of the VNA frequency for a magnetic

field of 167.4 mT (indicated by the dotted line in (a)). (c) |S21 |
2 of the coupled microwave

resonator / spin ensemble hybrid system (symbols) as a function of the VNA frequency at the

HF spin transition field of 172.54 mT (indicated by the dashed line in (a)). The orange solid

lines in (b) and (c) are fits using Eq. (3.62).

to prevent the use of unrealistic parameters. As shown in Fig.3.18 (c), with the assump-

tion of an incoherent coupling rate ginco in combination with a complex microwave drive

allows to reproduce the asymmetric linewidth of the normal mode splitting extremely

accurately. This fit returns a loss rate of the spin ensemble γ
LF /HF

/2π = 596 / 602 kHz,

corresponding to a FWHM magnetic field linewidth of ∆B
LF /HF

= 42.61 / 43.04µT. Fur-

ther, an incoherent coupling rate g
inco,LF/HF

/2π = 265 / 265 kHz and a coherent coupling

rate g
eff,LF /HF

/2π = 1.32 / 1.15MHz are determined. g
eff

exceeds for both spin transi-

tions the individual loss rates of microwave resonator and spin ensemble, demonstrating

that the hybrid system still resides in the strong coupling regime, with cooperativities of

CLF/HF = 7.12 / 5.38.

Extending the Tavis-Cummings model by an incoherent coupling rate ginco allows to

describe the asymmetric linewidth of the normal mode splitting, observed with the LER

experiments. However, the exact nature of this incoherent interaction asks for further

investigations. The CPW feedline of the LER can act as a possible bath for modes with

no definite phase relations, providing an indirect and incoherent energy transfer between

microwave resonator and spin ensemble. This assumption still needs to be verified, in

addition to identifying the dependencies on the magnitude of the incoherent coupling rate

ginco . A possible approach would be to systematically study the hybrid system for different

overlaps of the phosphorus doped 28Si crystal and the CPW feedline. When the incoherent

coupling process is mediated via feedline, a dependence of ginco on the overlap would be

expected.
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Chapter4
Pulsed Microwave Spectroscopy

Pulsed microwave spectroscopy is a powerful tool, to investigate the properties of spins

in the time domain. This includes the intrinsic relaxation and coherence time T1 and

T2 , respectively, as well as the interaction strength between spins or spin species. For

quantum information processing, the coherence time is the most relevant timescale as the

quantum state can only be conserved on this time scale. Therefore, for a possible quantum

storage application, long coherence times are desirable. In particular, phosphorus donors in

isotopically purified 28Si are known for their record breaking long electron spin coherence

times [4, 5, 11], these systems comprise excellent candidates for such an endeavor. An

implementation in common quantum circuits requires an interface, for the incorporation

of the spin system. One realization comes in the form of a microwave resonator [9, 10].

To allow for a coherent exchange of information between the individual systems, strong

coupling is a mandatory requirement. Up to now only a few theoretical and experimental

studies investigated the regime of a strongly coupled hybrid system [20, 35, 36], especially

when concerning its characteristic time constants [37,38].

In this chapter, the dynamical response of the coupled system comprised of a microwave

resonator and a phosphorus donor spin ensemble is studied when stimulated by a microwave

pulses. In Sec. 4.2 the hybrid system is excited into a steady state by a long microwave

pulse. For these experiments, an additional third mode is observed, which is attributed

to a high power regime of the Tavis-Cummings model. The free induction decay, present

after the microwave excitation shows an enhanced decay time for the hybrid system by

orders of magnitude, with respect to an uncoupled phosphorus donor spin ensemble.

Section 4.3 discusses the coherence time T2 and energy relaxation time T1 of the hybrid

system, utilizing Hahn-echo spectroscopy and inversion recovery pulse sequences, respec-

tively. Both characteristic time constants are investigated as a function of temperature

and compared to the time constants, obtained for an extremely weak coupled phosphorus

donor spin ensemble. For the coherence time, an enhancement of two orders of magnitude

is observed compared to quasi uncoupled case. The energy relaxation time is found to

follow the expected temperature dependence for an uncoupled spin ensemble for temper-

atures ranging down to 230 mK. Below this temperature, a constant T1 time would have

been expected, but a T−3 power-law for the T1 time is observed.

55
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4.1 Pulsed Mircowave Setup Calibration

During this thesis, the cryogen free dilution refrigerator setup (cf. Sec. 2.3.1) is adapted

to allow for pulsed microwave experiments. Although, the dilution refrigerator setup

is technically ready to enable pulsed experiments without any technical modifications,

the specific software for the employed equipment as described in Sec. 2.3.2 had to be

developed or adapted. Most of this work was accomplished by K. Müller, during his

master’s thesis [113]. To verify the correct operation of the time domain setup, a series of

calibration measurements have been performed.

The initial experiment shall demonstrate that the phosphorus donor spin ensemble can

be excited by a single long microwave pulse, using the CPWR sample (cf. Sec. 3.3). A

250µs long microwave pulse is applied at the resonance frequency of the first harmonic

of the CPWR, with a frequency of 4.936 GHz and a microwave power at the resonator of

I2
input

= 200 pW. At a temperature of 50 mK the pulse sequence consisting of this pulse

and a wait-time of 25 s between each successive pulse is applied for different magnetic

field values. For static magnetic fields ranging from 178 mT to 180 mT, the temporal

response of the high-field spin transition of the phosphorus donor spin ensemble is probed.

Figure 4.1 (a) plots the logarithmic scaled microwave transmission I2/I2
input

, detected by

the spectrum analyzer, as a function of the static magnetic field and time. The 250µs long

microwave pulse is initiated at t = 0 s and ends at t = 250µs. The figure only shows the

last 0.5µs of the pulse, which is indicated by the high transmission. When the microwave

power is set to zero at the end of the pulse at t = 250µs, the microwave transmission

decays exponentially, with a time constant τ , which is characteristic for the decay rate of

the microwave resonator and / or the spin ensemble, depending on the applied magnetic

field. At B0 = 178.68 mT, τ is significantly longer, suggesting that the emission rate

of microwave photons from the resonator is suppressed due to the presence of the spin

ensemble. The signal trace at the high-field spin transition magnetic field as a function of

the time is shown in Fig. 4.1 (b), together with a trace away from the spin resonance at

179.8 mT, for reference. The time constant τ for magnetic fields far away from the spin

transition is extracted by fitting an exponential decay function to the falling edge of the

microwave pulse,
I(t)

Iinput

= Ae−
t−t

off
τ + I0 . (4.1)

A represents an amplitude factor, the time offset t
off

marks the end of the pulse and I0
represents a transmission offset, due to the finite noise in the setup and the detection

electronics. Note, that Eq. (4.1) describes a decay of the linear microwave transmission

I/Iinput , which is proportional to a voltage signal ratio. The squared microwave trans-

mission I2/I2
input

corresponds to a power ratio, which would result in an additional factor

of 2 in the exponent of the exponential decay function. For the magnetic field range

of 179.5 mT to 180 mT, an average time constant of τ = 369.2 ns is determined, which

translates via [72]

Γ =
1

τ
, (4.2)

to a frequency HWHM of Γ/2π = 431 kHz. This value can be linked to the CPWR loss

rate κ0 determined by continuous wave spectroscopy and thus can be identified with the

ring down time of the microwave resonator τr . Note, that the extracted loss rate κ0 and
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Figure 4.1: (a) Microwave transmission I2/I2
input

scaled logarithmically as a function of time

at a temperature of 50 mK, showing the dynamical response of the system to a 250µs long

microwave pulse, which is initiated at t = 0 s (not shown) and ends at t = 250µs. The

pulse’s frequency matches the resonance frequency of the first harmonic mode of the CPWR

of 4.936 GHz and has a pulse amplitude of I2
input

= 200 pW when it reaches the resonator.

About a magnetic field of 178.68 mT the time constant of the microwave power decay is

enhanced, which is attributed to the phosphorus donor high-field spin transition interacting

with the microwave resonator. (b) Microwave transmission as a function of time for a fixed

magnetic field of 178.68 mT and 179.8 mT, indicated by the white dotted and dashed lines in

(a), respectively.

resonance frequency ωr are increased compared to the parameters determined in Sec. 3.3,

which is attributed to the larger amount of trapped flux vortices [86, 87], due to the

extensive use of static magnetic field sweeps.

Studying a spin system by pulsed microwave spectroscopy requires to ensure that the

spin system is prepared in the same initial state prior each successive pulse. Here, this

state is typically the ground state, which is e.g. obtained after waiting for several T1

time constants. Waiting for 5T1 ensures that the system is to 99 % back into its ground

state, assuming the maximal (inversion) of the spin ensemble. [114]. Thus, T1 limits the

repetition rate of a given pulse sequence, the so called shot-repetition-time (SRT). For the

magnetic field sweep in Fig. 4.1 (a) a SRT of 20 ms is used, which is increased due to the

time required to set a new magnetic field point, which is about 25 s. Extrapolating T1

to a temperature of 50 mK, a static magnetic field of 178.7 mT and a phosphorus donor

concentration of [P] = 1 × 1017 cm−3 from Ref. [115–117], a T1 time of 46 s is expected,

assuming an energy relaxation via a direct phonon process in the low temperature regime.

To verify this expectation without the use of more advanced pulse sequences (see in-

version recovery sequence in Sec. 4.3.3), a series of single pulse experiments are conducted

to estimate an appropriate SRT. Figure 4.2 shows the logarithmically scaled CPWR trans-

mission of the falling edge of a single 11µs long microwave pulse as a function of time,

with microwave resonator and spin ensemble tuned in resonance. The signal traces, with

a pulse amplitude of 2 nW at the resonator, are averaged for 25 times, using different

SRTs, ranging from 0.5 s to 1000 s. With increasing SRT the time constant of the mi-

crowave power decay increases, and saturates for the two longest SRTs. The overlapping

signal traces using a SRT of 500 s and 1000 s indicate, that the spin system has reached its

ground state before each successive pulse, resulting in an identical signal trace for all 25
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Figure 4.2: Logarithmically scaled microwave transmission I2/I2
input

as a function of time, show-

ing the falling edge of a 11µs long pulse with an amplitude of 2 nW applied to the CPWR.

Each trace is averaged 25 times, using a different SRT (see legend).

averages. Thus, for the first pulsed microwave experiments on the CPWR, a SRT of 500 s

is used. The found 500 s allow to roughly estimate the T1 time to 100 s for a temperature

of 50 mK. The coarse determination of the T1 time is only a factor of two larger than the

expected relaxation time, showing that this method is well capable of identifying the order

of magnitude of T1 .

After optimizing the SRT to obtain the maximum data acquisition rate, a pulsed

microwave spectroscopy can be performed on the hybrid system, ensuring the same initial

state prior to each successive microwave pulse.

4.2 Single Pulse Spectroscopy

In the following, the dynamical response of the coupled microwave resonator / spin ensem-

ble hybrid system is studied, by applying a single long microwave pulse. Here, the pulse

is sufficiently long to drive the coupled system into a steady state. The evolution of the

dynamical response during the pulse is investigated, as a function of the detuning from the

degeneracy point of the hybrid system. Furthermore, the decay behavior of the excited

microwave resonator / spin ensemble system is analyzed.

4.2.1 Pulsed Steady State Dynamics

The previous chapter studied the spectroscopic features of the hybrid system under the

influence of a weak continuous microwave signal. Here, the averaged response on the

microwave transmission is detected, within the set measurement bandwidth of 50 - 100 Hz.

In the following, a complementary approach is presented, by applying a single microwave

pulse to the microwave resonator / spin ensemble hybrid system, for a sufficiently long

time to drive the system into a steady state. Thereby, the length of the pulse is required

to be longer than the characteristic time constants of the microwave resonator 1/κ0 and

the spin ensemble 1/γ, as well as the collective coupling 1/g
eff

[20]. During the duration

of the pulse, the evolution of the coupled system is observed. Figure 4.3 (a) shows the

color coded microwave transmission I2/I2
input

of a 100µs long pulse applied to the coupled

resonator / spin ensemble system, as a function of the pulse frequency and time. At a
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Figure 4.3: (a) Microwave transmission I2/I2
input

of a 100µs long microwave pulse, as a function

of the pulse frequency and time. The pulse is applied to lumped element resonator B, which

is interacting with the high-field spin transition of the phosphorus donor spin ensemble, at

a static magnetic field of 172.25 mT and a temperature of 50 mK. At t = 0 s the microwave

pulse is initiated and ends at t = 100µs, having a pulse amplitude of I2
input

= 2 nW at the

LER chip. (b) Microwave transmission I2 as a function of the pulse frequency for two fixed

times. The corresponding transmission spectra at t = 2µs (green symbols) and t = 95µs (red

symbols) are indicated by dotted and dashed lines in (a), respectively. The orange and purple

solid lines represent a fit of Eq. (3.62) to the spectroscopic data at t = 2µs and t = 95µs,

respectively.

temperature of 50 mK the high-field spin transition of the phosphorus donors is tuned via

B0 close to the resonance frequency of lumped element resonator B (ωr > ωs,HF), using a

static magnetic field of 172.25 mT. Using a SRT of 1000 s, a pulse is applied at each set

frequency and starts at t = 0 s and ends at t = 100µs, indicated by the high transmission

in Fig. 4.3 (a), with the pulse having an amplitude of I2
input

= 2 nW at the input of the LER

chip.

Along the frequency axis, the high transmission during the microwave pulse is reduced

at the frequencies of 4.7568 GHz and at about 4.7552 GHz. The two absorption dips repre-

sent the normal mode splitting of the microwave resonator, due to the interaction with the

spin ensemble and are separated by twice the collective coupling g
eff

of the hybrid system.

Complementary to the CW spectroscopy results, the two absorption dips exhibit different

linewidths. Here, the asymmetric linewidth of the normal mode splitting is also attributed

to the in Sec. 3.4.2 discussed incoherent coupling process, where the two subsystems in-

directly exchange excitations via a bath of vacuum field modes. Furthermore, the two

lines show a different time evolution. The resonance frequency of the high frequency mode

remains constant during the duration of the pulse, while the resonance frequency of the

lower frequency mode shifts to higher frequencies with increasing time. From an initial

frequency of 4.7549 GHz the mode shifts during the first 20µs, settling on 4.7554 GHz for

the rest of the pulse. The shift in frequency is attributed to the more spin-like character

of the low frequency mode, since ωr > ωs,HF . Due to the high pulse amplitude the spin en-

semble gets partly saturated, reducing the number of polarized spins N and consequently

the collective coupling (g
eff
∝
√
N), reducing the separation of the two hybrid modes.

Investigating the microwave transmission along the frequency axis for fixed times allows

to extract the dynamical parameters of the coupled system, similar to the evaluation of the
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CW spectroscopy data (cf. Sec. 3.4). Figure 4.3 (b) plots the microwave transmission at

t = 2µs and t = 95µs, indicated by the dotted and dashed lines in Fig. 4.3 (a). The depth of

the absorption dips increases with increasing pulse duration, reaching their maximal depth

after about 20µs, coincidental with the settling of the lower frequency mode’s frequency

shift. To extract the dynamical parameters Eq. (3.62) is fitted to the transmission spectra,

using a fixed resonator loss rate of κ0/2π = 410 kHz (cf. Sec. 3.4.2). For the spectra

at t = 2µs the fitted curve is in good agreement with the experimental data, yielding

γ2µs
HF

/2π = 544 kHz, g2µs
eff,HF

/2π = 1.0 MHz and g2µs
inco,HF

/2π = 184 kHz. The determined

parameters are comparable to the parameters given in Sec. 3.4.2, except for ginco,HF being

a factor of two smaller. In contrast, fitting the spectrum at 95µs results in a poor fit,

as the depth of the absorption dips is not reproduced by Eq. (3.62). It is suggested, that

this is a result due to the high microwave power. Equation (3.62) is based on the solutions

of the Tavis-Cummings model, introduced in Sec. 3.2.2. For its derivation, the number of

excitations nex is assumed to be much smaller than the number of spins N . The longer the

microwave pulse is applied, the more excitations are introduced to the system, until this

assumption is violated. At the beginning of the microwave pulse, the number of excitations

introduced to the system is still small and thus the spectra can be modeled using Eq. (3.62).

At the end of the pulse, the spectra significantly differ, showing almost zero transmission

at the two absorption dips. Both absorption dips exhibit an equal depth, which would not

have been expected for a hybrid system detuned from the degeneracy point. Nevertheless,

the frequency of the resonant modes can be reproduced very well by the fit, allowing to

determine the collective coupling to g95µs
eff,HF

/2π = 744 kHz.

For a more complete analysis of the hybrid system in the high power regime, identical

experiments are conducted for various static magnetic fields B0 in the spin - resonator

coupling regime. To obtain a comparable series of spectra, B0 is only decreased or increased

between each successive measurement to avoid hysteretic effects of the superconducting

microwave resonator [118]. Beginning at B0 = 172.46 mT the magnetic field is increased

stepwise, rasterizing the avoided level crossing of the hybrid system. Figure 4.4 (a) shows a

corresponding low power CW microwave transmission spectroscopy of the hybrid system,

as reference for the single pulse spectroscopy (cf. Sec. 3.4.1). Dashed lines indicate the

magnetic field values, at which a pulse spectroscopy is performed. Figures 4.4 (b)-(f) show

the color coded microwave transmission of the coupled system when stimulated by a 100µs

long pulse, as a function of the pulse frequency and time, for magnetic fields ranging from

172.46 mT to 172.51 mT. All experiments are conducted at a temperature of 50 mK and

with a pulse amplitude of 2 nW. The spectrum at the smallest magnetic field is comparable

to the spectra shown in Fig. 4.3 (a). Note, that a similar detuning from the degeneracy

point is possible for different absolute static magnetic fields, due to magnetic hysteresis

effects in the superconducting microwave resonator, resulting from sweeping the magnetic

field in different directions [118]. At the following magnetic field point at 172.47 mT, the

low frequency hybrid mode becomes more prominent and exhibits an increased width. For

B0 = 172.48 mT an additional mode has separated from the low frequency mode. Further

increasing B0 to 172.5 mT shifts the additional mode to higher frequencies closer to the

high frequency mode of the hybrid system, with which it merges at the the last magnetic

field value of 172.51 mT.

The resonance frequency of the individual modes is analyzed in Fig.4.5 (a) as a function

of the static magnetic field at t = 95µs. The central mode exhibits a linear trend with
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Figure 4.4: (a) Color coded microwave transmission data |S21 |
2 as a function of the VNA

frequency and the magnetic field B0 , of lumped element resonator B coupled to the high-field

spin transition of the phosphorus donor spin ensemble, taken at a temperature of 50 mK and

an input microwave power of 40 aW. (b)-(f) Microwave transmission spectra of a 100µs long

pulse as a function of the pulse frequency and time at T = 50 mK. The pulses are applied to

the hybrid system at different static magnetic fields, indicated by the dashed lines in (a). A

pulse amplitude of I2
input

= 2 nW at the LER chip and a SRT of 800 s is used.

increasing B0 , connecting the upper and lower frequency modes. The magnetic field disper-

sion of the upper and lower frequency modes of the hybrid system are given by the energy

eigenstates Eu/l,inco
of the Tavis-Cummings model, given in Eq. (3.61), which also includes

the incoherent coupling observed in the LER experiments (cf. Sec. 3.4.2). The resonance

frequency dispersion is calculated via <(Eu/l,inco
)/h (dashed lines in Fig. 4.5 (a)), which

significantly differs from the resonance frequencies found by single pulse spectroscopy.

For this calculation, the previously determined collective coupling g95µs
eff,HF

/2π = 744 kHz is

used. Additionally, a microwave resonator resonance frequency of ωr/2π = 4.7561 GHz

and ginco/2π = −250 kHz are assumed and ωs is determined via the spin Hamiltonian

given in Eq. (2.10). Apart from the absence of the additional central mode, the theoret-

ical dispersion exhibits a steeper slope in the vicinity of the degeneracy point, especially

in comparison with the experimentally observed dispersion of the lower frequency mode.

Note, that this theoretical model only assumes a single excitation to be present in the

hybrid system, which fits the low power CW experiments with excellent agreement (cf.

Sec. 3.2), but is insufficient to describe the high power pulsed experiments. Expanding the

model to more than one excitation yields additional modes [23]. The single pulse spec-

troscopy is performed at high microwave powers, applying a pulse amplitude of 2 nW to

the resonator. LER B shows an absorption depth of 13 dB (cf. Sec. 3.4.1), which corre-

sponds to an average number of n = 4 × 107 photons stored in the resonator. Based on the

estimation of the single photon single spin coupling rate g for the CPWR of 11.1 Hz (see

Eq. (3.21)) the coupling rate for the LER is determined to gLER/2π = 35.1 Hz, assuming
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Figure 4.5: (a) Resonance frequencies of the three hybrid modes (symbols) as a function of the

static magnetic field, determined from the single pulse spectroscopies shown in Fig. 4.4 (b)-(f)

at the end of the 100µs long microwave pulse. The dashed lines are the solutions <(Eu/l,inco
)/h

of Eq. (3.61), which considers a single excitation present in the hybrid system. Thereby,

g95µs
eff,HF

/2π = 744 kHz, ginco/2π = −250 kHz and ωr/2π = 4.7561 GHz are used and ωs is

determined via the spin Hamiltonian in Eq. (2.10). The dotted and solid lines represent

the solutions E(2)/h of the two excitations Tavis-Cummings Hamiltonian H(2)
TC

, using the

same parameters, excluding ginco . For the dotted line an equal collective coupling for both

excitations is assumed and for the solid line the collective coupling of the second excitation is

assumed to be 20 % of the collective coupling of the first excitation. (b) Resonance frequencies

of the three hybrid modes as a function of the applied pulse amplitude. The power series is

conducted at B0 = 172.48 and the respective resonance frequencies are determined at the end

of the 100µs long microwave pulse.

that the mode volume of the LER is one order of magnitude smaller, due to its smaller

dimensions. Using the found collective coupling rate g95µs
eff,HF

the number of interacting spins

is determined to N = (g95µs
eff,HF

/gLER)2 = 4.5 × 108. The number of photons is only a factor

of 10 smaller than the number of interacting spins, making the assumption of multiple

excitations in the hybrid system reasonable.

When introducing an additional excitation to the Tavis-Cummings model the number

of possible energy states is increased by one. The matrix representation of this modified

Hamiltonian is given by a 3× 3 matrix [23]

H(2)
TC

= ~

 ωs g
√

2N 0

g
√

2N 1
2(ωr + ωs) g

√
2(N − 1)

0 g
√

2(N − 1) ωs

 , (4.3)

where the losses of the individual subsystems are neglected for simplicity. Note, that the

coupling strength between the multiple modes is modified due to additional excitation

present in the system. The probability of exciting the spin ensemble with two excitations

in the resonator is enhanced, as represented by the additional
√

2 factor for the coupling

terms. Consequently, the probability for the second excitation of the spin ensemble is

reduced, since the number of spins in the ground state is reduced to N − 1. Here, the

number of spins is estimated to N = 4.5 × 108, where N − 1 ≈ N and the collective

couplings for the first and second excitation are equal. The eigenstates E(2)/h of H(2)
TC

yield the dispersions of three hybrid modes, using g
√

2N = g95µs
eff,HF

. The upper and lower

frequency modes describing an avoided crossing and the central mode runs at the frequency

center of mass of the upper and lower modes (see dotted lines in Fig. 4.5 (a)). However,
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the theoretically predicted dispersion of the central mode has a smaller slope than the

experimentally observed one. To describe the experimental data a modification to the

theoretical framework is suggested. The slope of the central mode’s dispersion can be

increased by reducing the collective coupling of the second excitation. The average photon

number n in the system is determined to 4× 107. The theory presented in Ref. [23] predicts

the occurrence of additional modes in the hybrid system’s spectrum, for the case when n is

comparable to N . Therefore, a change of N − 1 7→ N − n is assumed, which increases the

difference between the two coupling rates, as the number of photons n is increased. For a

qualitative description of the experimental data a reduction of the collective coupling for

the second excitation to 0.2g
√

2N has to be assumed (solid lines in Fig. 4.5 (a)), whereas for

the estimated values only a reduction to 0.95g
√

2N is obtained. Note, that the estimation

of the single photon single spin coupling strength for the LER is very coarse. A more

refined estimation using a finite element simulation of the magnetic field distribution of

the resonator would allow a more precise approximation of the coupling strength, which

could bring the number of interacting spins closer to the number of photons. Unfortunately,

due to the limited amount of time available during the course of this thesis, such simulation

could not be conducted. In addition to the increased slope of the central mode’s dispersion

with reducing collective coupling of the second excitation, the dispersion of the calculated

upper and lower frequency modes get flatter in the vicinity of the degeneracy point. These

characteristics can also be found for the measured magnetic field dispersion of the three

hybrid modes, suggesting that the occurrence of the additional mode can be attributed to

the high microwave powers used.

The static magnetic field dispersion of the additional mode notably exhibits a simi-

lar slope, as the dispersion of the uncoupled high-field spin transition of the phosphorus

donor spin ensemble (cf. green dashed line in Fig. 3.8 (a)). Thus, the part of the 28Si

crystal covering part of the CPW feedline (cf. Sec. 2.3.3) could contribute to the observed

pulsed signal. To exclude that the central mode stems from the crystal atop the CPW

feedline, a microwave power series is conducted. For the suggested two excitation model,

the resonance frequency of the additional mode should show a dependence on the applied

microwave power. With deceasing power, the slope of the magnetic field dispersion for the

central mode is expected to decrease, while for conventional ESR no change is expected.

To this end, the single pulse spectroscopy at a static magnetic field of 172.48 mT, shown

in Fig. 4.4 (d), is is performed as a function of the pulse amplitude. At each set power,

the resonance frequencies of the three modes are determined at the end of the microwave

pulse and summarized in Fig. 4.5 (b). As ωr > ωs,HF for B0 = 172.48 mT, the central mode

is expected to shift to higher frequencies with decreasing pulse amplitude. As the number

of photons n decreases with decreasing pulse amplitude, the dispersion approaches the

case where N − n ≈ N , where the dispersion of the central mode follows the frequency

center of mass of the upper and lower modes (dotted lines in Fig. 4.5 (a)). However, a shift

to smaller frequencies with decreasing pulse amplitude is observed in the experiment. A

reduction of the microwave power by 15 dB shifts the central mode’s resonance frequency

down by 250 kHz. In addition, the occurrence of the central mode is increasingly delayed

in time for decreasing power. Nevertheless, the observation of a resonance frequency shift

rules out, that the central mode corresponds to a conventional ESR signal, driven by the

CPW feedline.

The suggested two excitation model can qualitatively describe the static magnetic field
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dispersion of the three hybrid modes, as it predicts the additional central mode. Fur-

thermore, the slopes of the dispersion of the upper and lower frequency modes show a

better agreement with the two excitation model, compared to the solutions of the Tavis-

Cummings model, assuming a single excitation distributed in the hybrid system. However,

the model still requires refinements, as the expected pulse amplitude dependence is not

corroborated by the experimental findings. Please note, that the model is based on the

assumption of two excitations present in the coupled system. Only by modifying the model

to explicitly include the average number of photons n the experimental data can be de-

scribed qualitatively. A possible refinement would be to use the ratio between the number

of photons and the number of spins n/N instead of the absolute number of excitations. In

Ref. [23] the absolute number of energy states present in the hybrid system is character-

ized by the number of excitations. By mapping this characterization onto the ratio n/N ,

the theoretical framework could be adapted to the present experiment.

4.2.2 Coupled System FID

A resonant microwave pulse (ωr = ωs) applied to a spin ensemble transfers energy to the

spins during the pulse and thus is capable of driving the system into an excited state. In

a classical picture, the magnetization precesses about the magnetic field vector B1 of the

microwave pulse during this process. As this process is in a classical picture covered by the

Bloch equations [119], it is evident that this process is most efficient for a perpendicular

orientation of B1 and the static magnetic field B0 . The angle about the magnetization is

rotated during the pulse depends on the pulse length and amplitude (see Sec. 4.3). After

preparation, the spin ensemble’s magnetization performs a free precession about B0 , with

the Larmor frequency ωs . The precessing magnetization can be understood as an oscillating

dipole, generating an inductive response in form of a microwave signal in the resonator.

The inductive response lasts as long, as the precessing magnetization has a non vanishing

projection on the plane, in which B1 oscillated. With increasing time, the magnitude of

this signal decays exponentially, due to a dephasing of the magnetization vector. Such

a decaying microwave signal after a microwave pulse is know as a free induction decay

(FID). Several processes can cause and contribute to a FID, such as incoherent spin-spin

interactions, inhomogeneous broadenings of the spectral spin distribution or the energy

relaxation via spin-phonon interactions [72]. For spins in solids, these processes typically

act on a much longer time scale as the FID. Here, the dominating process is due to

inhomogeneous broadenings of the spectral spin distribution of the ensemble, leading to

a destructive interference of the signals from individual spins. The characteristic time

constant of a FID is the phase memory time T ∗
2

, being typically shorter than the coherence

time T2 and the energy relaxation time T1 [72].

In the following, the FID of the coupled microwave resonator / spin ensemble system

is studied, in a regime of strong coupling. For the hybrid system a FID for each indi-

vidual hybrid mode is expected after microwave pulse excitation. Figure 4.6 (a) shows the

logarithmic scaled microwave transmission I2/I2
input

induced by the FID of the hybrid sys-

tem, comprising LER B and the high-field spin transition of the phosphorus donor spin

ensemble as a function of the pulse frequency and the pulse sequence time, at a static

magnetic field of 172.5 mT and a temperature of T = 50 mK. The observed FID follows a

100µs long microwave pulse, which is switched off at t = 105µs, with a pulse amplitude of
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Figure 4.6: (a) Logarithmic scaled microwave transmission I2/I2
input

of a FID, induced by the

LER B / high-field phosphorus donor spin transition hybrid system as a function of the pulse

frequency and the pulse sequence time. The coupled system FID follows a 100µs long mi-

crowave pulse, with a pulse amplitude of I2
input

= 2 nW applied to the LER chip. The single

pulse spectroscopy is performed at a static magnetic field of 172.5 mT and a temperature of

T = 50 mK, corresponding to the spectrum shown in Fig. 4.4 (e). (b)-(d) Logarithmic scaled

microwave transmission of the coupled system FID as a function of the pulse sequence time

(black solid lines). The FIDs of the hybrid system are plotted for fixed pulse frequencies of

4.7572 GHz, 4.7567 GHz and 4.75535 GHz, indicated by the black dashed lines in (a). The

solid orange lines represent fits of Eq. (4.4) to the experimental data.

I2
input

= 2 nW applied to the LER chip. The corresponding single pulse spectroscopy over

the full length of the microwave pulse is shown in Fig. 4.4 (e). Note, that the spectrum

under investigation features the in the previous section discussed additional third hybrid

mode (see Sec. 4.2.1). At 4.7572 GHz and 4.75535 GHz, the resonance frequencies of the

upper and lower modes, the FID is prolonged and longest at 4.7567 GHz. The longest

FID is not observed exactly at the resonance frequency of the additional hybrid mode at

4.7569 GHz. The difference in frequency may be attributed to the absence of the high

power microwave drive. As the resonance frequency of the third hybrid mode exhibits

a dependence on the applied microwave pulse amplitude (see Sec. 4.2), the small shift of

200 kHz is suggested to be connected to the end of the pulse. Therefore, the longest FID

is attributed to the additional hybrid mode.

Figures 4.6 (b)-(d) plot the logarithmic scaled microwave transmission of the coupled

system FID as a function of the pulse sequence time, for the respective pulse frequencies of

4.7572 GHz, 4.7567 GHz and 4.75535 GHz. At 4.7567 GHz the signal exhibits an oscillation

at the initial decay. During the oscillations, the spin ensemble coherently exchanges energy

with the resonator, characteristic for the regime of strong coupling [20]. The FID is best

modeled by a bi-exponential decay, which is also a characteristic of strong coupling [33].

Extending Eq. (4.1) with a second exponential term yields,

I(t)

Iinput

= A1e
−
t−t

off
τ1 +A2e

−
t−t

off
τ2 + I0 . (4.4)

The presence of a second time constant, indicates that the hybrid system decays not as

one single collective ensemble, but rather decays in subensembles. Both ensembles decay

with their own time constant, a short time constant τ1 and a long τ2 .
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Figure 4.7: Time constants τ1 (a) and τ2 (b) as a function of the pulse frequency, determined

by fitting Eq. (4.4) to the spectroscopic data shown in Fig. 4.6 (a). The resonance frequencies

of the upper, lower and central hybrid modes are highlighted by blue, red and green bars,

respectively.

The time constants τ1 and τ2 are determined as a function of the pulse frequency from

the measured coupled system FID and summarized in Fig. 4.7 (a) and (b), respectively. For

the pulse frequencies where strong coherent oscillations are present at the initial decay,

the fit yielded no reliable results, which are excluded in Fig. 4.7. The longest extracted

time is τ2(4.7567GHz) = 39.4µs, which is by a factor of four longer than the maximum of

the shorter time constant τ1(4.7565GHz) = 9.5µs. Both are attributed to the FID of the

third hybrid mode and are both exceeding the time constant, corresponding to the spin

ensemble loss rate 1/γHF = 265 ns by more than two orders of magnitude. The remarkable

enhancement of the phase memory time of the hybrid system over the phase memory time

of the uncoupled subsystems, is attributed to a subradiant decay process [38,93,120,121].

In the Dicke formalism a subradiant energy state of an ensemble of two-level emitters,

coupled to a resonant radiation field, shows a suppressed decay rate. Such states can also

suppress decoherence, prolonging a FID [120,121].

The symmetric nature of the spin-photon interaction in the Tavis-Cummings model

connects the resonator only with highly symmetric superradiant spin states of the ensem-

ble, not allowing a coupling to subradiant states due to angular momentum conservation.

The state with the highest cooperation number J = N/2 (N is the number of spins,

cf. Sec. 3.2.2) also poses the highest symmetry, with energy states ranging from +J to

−J . When the system is in this state, it relaxes superradiant via the resonator into the

ground state −J , without the need to change its angular momentum [93]. Apart from the

superradiant state, there are states with lower cooperation number, which are no longer

including the ground state −J of the spin ensemble. When considering e.g. two spin 1/2,

such a state is represented by the singlet state. For relaxation to the ground state, an

angular momentum change would be required, which can not be provided by a resonator.

Thus, the spontaneous emission of the spin ensemble via the resonator is suppressed for

these states. For these antisymmetric states, pair correlations between the spins become

relevant [121]. For correlated spins the environmental noise, due to e.g. local magnetic

field fluctuations, also gets correlated, to which the correlated pair is no longer suscepti-

ble [120, 122]. However, the antisymmetric states can only be accessed by breaking the

symmetry of the spin-photon interaction, which can be realized by a large inhomogeneous
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broadening of the spectral spin distribution or a dipole-dipole interaction [31, 121]. For

the given phosphorus donor concentration of [P] = 1 × 1017 cm−3, dipole-dipole interac-

tions can be considered to be sufficiently strong to break the symmetry of the spin-photon

coupling. Therefore, a finite coupling to antisymmetric spin states is reasonable for the

investigated hybrid system.

Determining the exact origin of the great enhancement of the hybrid system’s phase

memory time requires further experimental investigation. As the final state of the hybrid

system is unknown at the end of the microwave pulse, it is difficult to anticipate the

evolution of the system. Optimizing the applied microwave pulses to improve the transfer

of energy into the hybrid system may allow to prepare the system in more definite energy

states, from which the evolution can be studied more quantitatively. The experimental

data shows also an indication, that within the first 100 − 200 ns an additional fast decay

process is present. This may be attributed to the decay of the superradiant energy state.

However, with the chosen time resolution the third decay process could not be absolutely

verified. This emphasizes the requirement for a well defined energy by the pulse, to analyze

if several different energy stats can be prepared by a single pulse. Furthermore, tuning

the collective coupling allows to investigate the transition from a conventional FID to the

enhanced coupled system FID. The experiments so far are a first step towards effectively

tuning the decay behavior of a hybrid system, for which a tuning from a fast processing

state to a long storage state is possible.

4.3 Multiple Pulse Spectroscopy

By applying sequences of multiple pulses well known from pulse ESR, the relaxation and

coherence time of the system under investigation can be determined. Both are of key

interest for memory applications. The two pulse Hahn echo sequence and the three pulse

inversion recovery sequence, allow access to the transverse relaxation time or coherence

time T2 and the longitudinal relaxation time or energy relaxation time T1 of the coupled

system, respectively [72]. These techniques are based on the occurrence of a microwave

echo after applying the pulse sequence. Adapting the procedures known from conventional

pulsed ESR [72, 103], the spin ensemble’s magnetization vector is rotated by a definite

angle, during the application of a microwave pulse. In the following, a general echo gen-

eration process shall be outlined. For a more detailed description of the signal generation

see Ref. [72, 123].

Assuming a spin ensemble prepared in the ground state, with its magnetization M

aligned in parallel to the static magnetic field B0 , which defines the axis of quantization.

B0 is assumed to be oriented along the z-axis. For a stationary frame or lab frame,

the magnetization vector performs a precession about the static magnetic field B0 , with

a frequency given by the Larmor frequency ωs . For the case of the ground state, the

magnetization vector simply spins about its axis. An oscillatory magnetic field B1 is

applied perpendicular (in the xy-plane) to the magnetization vector, oscillating about

M. Considering the experiments conducted in this thesis, the frequency of B1 is defined

by the resonance frequency ωr of the microwave resonator. When the spin ensemble’s

Larmor frequency ωs is tuned in resonance with the B1 field, an additional precession of

the magnetization about B1 is induced. In the stationary lab frame, the magnetization

now performes two precessions. One about B0 with frequency ωs and a precession about
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Figure 4.8: Illustration of a general echo generation pulse sequence, utilized in Hahn echo

experiments. The frame shown in (a)-(d) rotates with the frequency ωr of the oscillatory

microwave magnetic field B1 , about the z-axis. The microwave field of the resonator and

the spin ensemble are assumed in resonance (ωr = ωs). At the start of the pulse sequence,

the spin ensemble shall be in its ground state and the magnetization is quantized by the

static magnetic field B0 along the z-axis. (a) The duration of the first pulse is chosen such,

that the magnetization M performs a π/2 rotation about the oscillatory magnetic field B1 ,

on the -y-axis. (b) Free evolution of the magnetization for a time τ , where inhomogeneous

broadening effects lead to a fan-out of the magnetization vector M (indicated by the blue

arrows). (c) The second pulse rotates the fanned-out magnetization by π, on the +y-axis.

(d) As a result of the second pulse, the magnetization starts to refocus after the pulse. After

a second evolution time of τ , the magnetization converges and induces an echo signal in the

resonator. (e) Schematic of the echo pulse sequence, where the location of the different steps

of (a)-(d) are indicated by the dotted lines.

B1 , with a frequency Ωs . Depending on the magnitude and duration of the applied pulse,

the magnetization can be rotated to an arbitrary angle, relative to B0 .

It is convenient to transform the lab frame to a frame, rotating about the quantization

axis with a frequency equal to the frequency of the B1 field. In the following, it is assumed

that the resonator is always tuned in resonance with the spin ensemble (ωr = ωs). In this

context, Fig. 4.8 (a) - (d) illustrate the main steps during an echo generation pulse se-

quence, considering ideal pulses [72]. The individual steps are indicated in a sample pulse

sequence in Fig. 4.8 (e). The sequence starts with a pulse, applied along the x-axis (see

Fig. 4.8 (a)). In the rotating frame, the B1 field vector is stationary and acts equally on the

magnetization, as the B0 field. The magnetization precesses about B1 , with a driven Rabi

frequency Ωs , depending on the magnitude of B1 [72]. During the so-called π/2-pulse,

the magnetization is rotated by 90◦ onto the -y-axis. In the lab frame, the precessing

magnetization about B0 represents an oscillating dipole, which induces a microwave signal

with a frequency of ωs in the resonator, used to apply the pulse. Due to a finite spectral

linewidth of the spin ensemble the magnetization dephases over time, resulting in an ex-

ponential decay of the induced microwave signal (see Fig. 4.8 (b)), known as free induction

decay (FID, cf. Sec. 4.2.2). The finite linewidth originates from homogeneous and inho-

mogeneous broadenings of the ESR transition. The homogeneous broadening is caused by

incoherent scattering processes, like spin-spin interactions or spin-lattice interactions, and

the inhomogeneous broadening by dephasing processes, which can be caused by inhomo-
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geneities in the static magnetic field [71,72]. Both processes contribute to the reduction of

the magnitude of the magnetization vector, due to deconstructive interference. Thereby,

the incoherent processes lead ultimately to the loss of coherence. However, the dephasing

processes can be reversed, since they manifest as a fan-out of individual packages of mag-

netic moments about the magnetization vector (cf. blue arrows in Fig. 4.8 (b)), having a

symmetric distribution of packages with larger and smaller frequencies, relative to ωs . To

invert the dephasing processes, a second pulse is applied along the x-axis, after a time τ .

This π-pulse is twice as long as the first pulse, and rotates the dephased magnetization

vector by 180◦, to the +y-axis (see Fig. 4.8 (c)). The inversion acts like a time reversal

for the dephasing [72]. At the end of the π-pulse, the individual packages of magnetic

moments start to evolve back to the +y-axis and convergences after another time of τ has

elapsed (see Fig. 4.8 (d)). Similar to the induced decaying microwave signal, due to the

FID after the first pulse, the refocusing magnetization induces a rising signal, here defined

as a free induction rise (FIR). At a time 2τ after the first pulse the signal peaks and is

followed again by a FID (cf. Fig. 4.8 (e)). The emerging signal peak, at the end of the

pulse sequence, is known as a spin-echo (or a FIR-FID).

The spin-echo pulse sequence forms the basis of the following experiments, and permits

an extraction of the T1 and T2 relaxation times. However, the preceding illustration is

strictly only valid for a spin ensemble, weakly coupled to a resonator. For this situation, a

vector description of the magnetization in a quantum mechanical framework is appropriate,

since the magnetic quantum number is a good quantum number. This changes, when

spin ensemble and resonator are in the strong coupling regime. Here, the two systems

hybridize to a system with a new set of eigenstates and eigenvalues, where the good

quantum number is given by the number of excitations, present in the coupled system

(cf. Sec. 3.2). Although, the scalar nature of this quantity gives no information about the

orientation of the magnetization, the spin ensemble still gets excited. The excitation is

continuously exchanged between the spin ensemble and the resonator, at a rate defined

by the collective coupling g
eff

. Thus, the magnetization has to rotate also during this

process, suggesting that the pulse sequences, known from pulsed ESR, are also applicable

to a strongly coupled system. In the following, Hahn echo and inversion recovery pulse

sequences are utilized to study the microwave resonator / phosphorus donor spin ensemble

hybrid system. To determine the optimal pulse lengths for the experiments, first a pulse

calibration is performed.

4.3.1 Pulse Calibration

To determine the optimal pulse length for an echo pulse sequence, typically a Rabi oscil-

lation experiment is performed [72]. The integrated signal of a FID is investigated as a

function of the length τP of preparation pulse. On resonance, the integrated signal of the

FID performs a damped oscillation, with a period representing the pulse length for a 180◦

or π rotation of the magnetization. Alternatively, the Rabi oscillation can be detected via

an echo generation sequence, which is applied after the preparation pulse. Equivalent to

the integrated signal of the FID, the integrated echo signal performs also an oscillation.

However, the results of an echo detected Rabi oscillation experiment on the hybrid system

are not conclusive [113]. Figure 4.9 shows the integrated echo signal as a function of the

preparation pulse length τP at a temperature of 50 mK, utilizing the CPWR. The oscil-
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lating signal is heavily damped, preventing the observation of a full period of oscillation.

The high damping is assumed to be introduced via the resonator. The coupling to the

resonator provides an additional loss channel for the spin ensemble, resulting in increased

damping [27,34].

An alternative method to determine an optimal pulse length, is to maximize the emerg-

ing echo signal. The fundamental idea of this approach is the assumption of maximum

echo signal gain, when most of the magnetization is rotated in the xy-plane (cf. Fig. 4.8).

To this end, a series of echo pulse sequences is conducted, using different pulse length.

Figure 4.10 (a) shows the transmitted microwave power I2/I2
input

as a function of the pulse

sequence time, starting with the rising etch of the first pulse. The pulse frequency is set

to the resonance frequency ωr of the CPWR and is tuned in resonance with the high field

spin transition of the phosphorus donor spin ensemble, by the static magnetic field B0 . At

a temperature of 50 mK microwave pulses with an amplitude of I2
input

= 2 nW and differing

length (see legend of Fig. 4.10 (a)), are applied to the resonator. For all sequences, the

same evolution time of τ = 300µs and SRT of 500 s are used. Around a time of 2τ an echo

emerges for all four pulse sequences. For an improved distinction between the different

echos, Fig. 4.10 (b) plots the microwave power transmission of only the echos, shown in

(a). The echo amplitude increases with increasing pulse length and decreases again for

the longest pulses. Since the Rabi oscillation experiments performed on the hybrid system

could not produce a full rotation of the spin ensemble’s magnetization, the reduction of the

echo amplitude for the longest pulses is not attributed to a magnetization rotation beyond

90◦. With increasing pulse length the spectral width of the microwave pulse is reduced.

When the pulse’s spectral width gets much smaller than the spectral distribution of the

coupled spin ensemble, the corresponding echo signal is also reduced, as less spins can get

excited by the pulse. For the sequence consisting of 2.5 / 5µs and 5 / 10µs long pulses,

the largest echo amplitudes are generated. Comparing the integrated echo signal, sub-

tracting a contribution of the background signal [113], the 5 / 10µs pulse sequence yielded

33.9 pWµs and the 2.5 / 5µs sequence 21.5 pWµs. Thus, for the following Hahn echo and

inversion recovery experiments a sequence, which applies 5 / 10µs long microwave pulses,

is chosen. The same pulse length is utilized for the CPWR and the LER, since both
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Figure 4.9: Echo detected Rabi oscillation, showing the integrated echo signal as a function of

the preparation pulse length τP at 50 mK, using the CPWR. 5 ms after the preparation pulse

the echo generation pulse sequence is initiated, consisting of a 5µs and 10µs long microwave

pulse separated by 100µs [113].
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Figure 4.10: Logarithmic scaled microwave power transmission I2/I2
input

of the CPWR as a

function of the pulse sequence time, at a temperature of 50 mK and a pulse amplitude of

I2
input

= 2 nW at the resonator. The pulse frequency matches the resonance frequency of the

resonator and the high-field spin transition is tuned in resonance with the CPWR. (a) Mi-

crowave power transmission of the full pulse sequence for four traces, differing in pulse length

and corresponding echo signal intensity (see legend). (b) Magnification of the microwave

power transmission of (a), showing the time interval of the generated echos.

resonators exhibit similar quality factors, indicating that the same amount of microwave

power is coupled in the resonator. Note, that each signal trace is recorded by applying the

corresponding sequence only once. Due to the high spin polarization P (cf. Sec. 3.3.4), an

excellent signal to noise ratio is achieved, rendering signal averaging unnecessary.

4.3.2 Hahn Echo Spectroscopy

Applying successive spin-echo pulse sequences, while increasing the evolution time τ for

each sequence, the coherence time T2 can be determined [72, 124]. In such a Hahn echo

experiment, the echo signal decreases with increasing τ , as shown schematically in Fig. 4.11.

The microwave transmission I/Iinput of the echo signal, induced after each successive pulse

sequence in the resonator, shows an exponential decay with increasing τ

I(τ)

Iinput

∝ e−
2τ
T2 . (4.5)

The characteristic time constant of this decay corresponds to the coherence time T2 . Note,

that the decay of the echo signal as a function of the evolution time can have addi-

tional contributions, due to relaxation processes like spectral diffusion or instantaneous

diffusion [4,72] (cf. Sec. 4.3.2). Using Hahn echo spectroscopy, the coupled microwave res-

onator / phosphorus donor spin ensemble system is studied, in respect of determining its

coherence time. First, similar prepared phosphorus doped 28Si crystals (cf. Sec. 2.2.2) are

also investigated in a commercial Bruker electron spin resonance spectrometer, to obtain

a reference, where the spin ensemble is only weakly coupled to a resonator.

Conventional Hahn Echo Spectroscopy

The phosphorus doped 28Si crystals are studied in a commercial Bruker Elexsys E580 X-

band spectrometer [3, 114], for temperatures ranging from 6 K to 15 K. The length of the

applied pulses is calibrated by Rabi oscillation measurements. For a spectroscopic analysis

of the ESR spin transitions, an echo detected field sweep is performed. Figure 4.12 shows
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Figure 4.11: Schematic spin-echo pulse sequence. Repeatedly applying the sequence, while

increasing the evolution time τ , results in a decreasing echo signal. The characteristic time

constant of the decreasing echo signal corresponds to the coherence time T2 .

an acquired spectrum of the high-field spin transition, for a temperature of 8 K. Here, at

each magnetic field point a spin-echo pulse sequence is applied and the integrated echo

signal is detected via a magnitude detection method, similar to the method discussed in

Ref. [125]. By fitting a lorentzian function to the resonance peak in Fig. 4.12 a full width

at half maximum of ∆B
Bruker

= 37.7µT is found. The spin resonance linewidth translates

to a spin loss rate via Eq. (2.17) of γ
Bruker

/2π = 530 kHz. This result is nearly a factor of

three smaller, than the loss rate extracted from the CW spectroscopy on the CPWR of

γ/2π = 1.40 MHz (cf. Sec. 3.3). Therefore, the result consolidates the assumption, that

the spin resonance line broadening originates from static magnetic field inhomogeneities.

The Hahn echo spectroscopy is conducted in resonance with the high-field spin tran-

sition, prior determined by an echo detected field sweep. Using again the magnitude

detection method for signal acquisition, the integrated echo signal is measured as a func-

tion of the evolution time τ , at different temperatures. The T2 time is determined by fitting

an exponential function to the recorded echo signal (cf. Eq. (4.5)), exemplary shown in

Fig. 4.13 (a). Figure 4.13 (b) shows the resulting T2 as a function of temperature, for the
28Si crystals doped with a phosphorus donor concentration of [P] = 1×1017 cm−3. For com-

parison, the in Ref. [4] reported coherence times for 28Si crystals with [P] = 1× 1016 cm−3

and [P] = 1 × 1015 cm−3 are additionally included in Fig. 4.13 (b). For all three concen-

trations, the coherence times increase with decreasing temperature and saturates at low

temperatures. In the high temperature regime T2 is limited by the longitudinal relaxation

time T1 , which is dominated by resonance fluorescence by phonons and two phonon Ra-

man and Orbach processes in this temperature regime [115, 116, 126] (cf. Sec. 4.3.3). At

low temperatures T2 saturates on a value of 28µs, limited due to the phosphorus donor
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Figure 4.12: Echo detected magnetic field sweep of the high field phosphorus donor spin reso-

nance.
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Figure 4.13: (a) Integrated echo signal as a function of twice the evolution time τ (symbols),

recorded in a conventional pulse ESR setup at a temperature of 9 K. The echos signal decrease

is fitted with an exponential decay (solid line), to extract the characteristic time constant T2 .

(b) Logarithmic scaled coherence time T2 as a function of temperature. The orange symbols

are measurement results on the 28Si crystals doped with a phosphorus donor concentration of

[P] = 1 × 1017 cm−3, investigated in this thesis. The green and blue symbols are taken from

Ref. [4] for comparison.

concentration [4]. Comparing the measured coherence time with the data from Ref. [4]

shows the expected inverse proportionality to [P], additionally confirming the phosphorus

donor concentration of the investigated 28Si crystals. In this temperature regime, the main

mechanism of decoherence is instantaneous diffusion, a process coming along with the ap-

plication of a microwave pulse [4, 72]. By exciting spins via a microwave pulse, the local

dipole fields observed by individual spins is changed. Due to the statistical distribution

of the spins, the change in the local dipole fields can be different for each spin. As a

result, some of the excited spins are shifted in resonance frequency after the pulse, due to

the change of their local field environment. Thus, during the pulse a (instantaneous) spin

diffusion occurs, which results in an overall reduction of resonant spins contributing to a

detectable signal. Considering the spin-echo pulse sequence, the second pulse refocuses

the dispersed magnetization of the spin ensemble, leading to the echo generation (see.

Sec. 4.3). If all spins are inverted by the refocusing pulse the inversion is also accompanied

by a large change in local dipole fields, resulting in a large contribution to instantaneous

diffusion. For an ensemble of spins, this process leads also to an exponential echo signal

decay, as in Eq. (4.5) [4]. To overcome this effect, the refocusing pulse is shortened, re-

ducing the amount of spins being inverted simultaneously and consequently the amount

of local dipole field changes [4]. As a consequence, the echo signal intensity is reduced

with the reduction of the length of the second pulse, with a vanishing echo signal for an

infinitely short pulse. The influence of instantaneous diffusion is also discussed for the

millikelvin Hahn echo spectroscopy results in Sec. 4.3.2.

The results obtained for T2 in the conventional pulse ESR setup are in good agreement

with the expectations, when compared to current results in literature. They serve as a

point of reference for the discussion of the coherence time of the strongly coupled microwave

resonator / spin ensemble hybrid system.
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Millikelvin Hahn Echo Spectroscopy

The coupled microwave resonator / phosphorus donor spin ensemble hybrid system is stud-

ied in the cryogen free dilution refrigerator setup (cf. Sec. 2.3.1), applying the in Sec. 4.3.1

determined spin-echo pulse sequence. The Hahn echo spectroscopy is conducted using

both CPWR and LER to provide the microwave pulses. The high-field spin transition of

the spin ensemble is tuned into resonance with the resonator, determining the degeneracy

point of the two subsystems by CW spectroscopy (cf. Sec. 3.3.1 or 3.4.1). The microwave

pulses are applied at the center frequency of the normal mode splitting of the resonator

transmission spectrum (ωr = ωs,HF), where the splitting is given by twice the collective

coupling strength 2g
eff

. For the experiments involving the CPWR, its first harmonic mode

is utilized and in the case of the LER experiments, resonator B is used.

Figure 4.14 shows the microwave transmission I2/I2
input

of the CPWR as a function of

the spin-echo pulse sequence time, at a temperature of 50 mK. In addition, a schematic

of the pulse sequence is depicted to illustrate the signal trace. The sequence consists of a

5µs and 10µs long microwave pulses, separated by an evolution time of τ = 110µs. The

echo occurs at a time of 240µs, which is delayed with respect to the expected time of

2τ + 5µs + 10µs = 235µs. However, for the broad line case the emerging echo is known

to be delayed, suggesting that the spectral linewidth of the transition is broader than the

spectral linewidth of the applied microwave pulses [127].

From the linear microwave transmission I/Iinput (∝ V ) of the Hahn echo spectroscopy,

the integrated echo signal is extracted at T = 50 mK and plotted as a function of twice

the evolution time 2τ in Fig. 4.15 (a) and (b), for the CPWR and the LER, respectively.

The integrated echo signal decreases for both resonator types, however, only for the LER

data the signal decreases exponentially, as given in Eq. (4.5). The CPWR data shows

an additional quadratic exponential decay, which indicates a contribution from spectral

diffusion to the echo decay [72,128–130]. In pulsed ESR, spectral diffusion can arise if the
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Figure 4.14: CPWR microwave transmission I2/I2
input

as a function of the sequence time, for a

temperature of 50 mK and I2
input

= 2 nW. The measurement trace is additionally illustrated

by a schematic of the applied pulse sequence, highlighting the microwave pulses.
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Figure 4.15: Logarithmic scaled integrated echo signal as a function of twice the evolution time

τ obtained from a Hahn echo spectroscopy on the hybrid system at 50 mK, using the CPWR

and LER (symbols in (a) and (b), respectively). The solid lines represent a fit to the decaying

echo signal, with the proportionality given in plot.

spectral linewidth of the microwave pulses is smaller than the spectral linewidth of the spin

ensemble, a condition which is also supported by the delayed echo manifestation. In this

case, only part of the (inhomogeneous) spectral distribution of the ensemble gets excited

by the pulse. If the thermal energy is larger than the Zeeman splitting, T1 processes

accompanied by spin-spin interactions in the unexcited part of the spectrum result in

local field fluctuations, which influence the excited spins. The fluctuating fields lead to an

exchange of excited and equilibrium spins, transferring excitation to parts of the spectrum,

which is not in the detection bandwidth. As a consequence, this diffusion process reduces

the generated echo signal [72]. For the case where the thermal energy is smaller than the

Zeeman splitting, spin-spin interactions between equilibrium spins and excited spins can

still occur, resulting also in a diffusion of excited spins. Thus, spectral diffusion adds to

the transverse relaxation of the spin ensemble, which leads to an additional quadratic term

for the echo signal decay [129,130]

I(τ)

Iinput

∝ e
− 2τ
T2
−
(

2τ
T
SD

)2

, (4.6)

where TSD gives the characteristic time constant of the spectral diffusion process. The

fact, that this contribution is only observed in the CPWR experiments and not for the

measurements using the LER, suggests that the inhomogeneous broadening of the spin

resonance line, found for the CPWR CW spectroscopy in Sec. 3.3.3, is also influencing the

Hahn echo spectroscopy.

For the CPWR / spin ensemble hybrid system a coherence time of T2,CPWR = 4.65 ms ±
1.7 ms is found, which is limited to TSD = 2.47 ms ± 0.26 ms, due to spectral diffusion.

Using the LER, a coherence time of T2,LER = 3.24 ms ± 0.08 ms is extracted from the

echo decay. The found T2 times are about three orders of magnitude longer, than the by

conventional pulse ESR determined coherence time of 28µs at a temperature of 8 K (cf.

Sec. 4.3.2). To discern the origin of the enhancement a temperature series is conducted,

to allow a better connection of the data from the two measuement setups.

Prior to each Hahn echo spectroscopy at the different temperatures, the degeneracy

point of the microwave resonator dispersion and the high-field spin transition dispersion
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Figure 4.16: (a) and (b) Logarithmic scaled integrated echo signal (symbols) as a function of

twice the evolution time τ obtained from a Hahn echo spectroscopy on the hybrid system

for temperatures ranging from 50 mK up to 4 K (see legend), utilizing the CPWR and the

LER, respectively. The solid lines represent fits to the data, using an exponential decay

function. Note, that the echo signal decay from the CPWR exhibits an additional quadratic

exponential decay, as given in Eq. (4.6), while the LER data follows a single exponential

decay, as given in Eq. (4.5). (c) Extracted coherence times T2,CPWR and T2,LER as a function

of temperature, using a double logarithmic scaling. Additionally, the time constant TSD of

the in the CPWR experiments observed spectral diffusion process, as well as the T2 time

determined by conventional pulse ESR (see Sec. 4.3.2) are included in (c) (see legend). For

low temperatures, the hybrid system’s coherence times follow a T−1 temperature dependence,

indicated by the blue dashed line.

is determined by CW spectroscopy, at which the pulses are applied. Also, the T1 time is

measured in advance, for an optimization of the SRT (cf. Sec. 4.3.3). The at the different

temperatures obtained integrated echo signal decays are shown in Fig. 4.16 (a) and (b), for

the CPWR and the LER, respectively. For both resonator designs the signal decay be-

comes faster with increasing temperature. For the CPWR / spin ensemble hybrid system,

a contribution from spectral diffusion can be observed at all temperatures, while for the

coupled LER / spin ensemble system the decay follows a single exponential for all temper-

atures (cf. fits (solid lines) in Fig. 4.16 (a) and (b)). The time constants are determined by

fitting the decaying echo signal with the corresponding functions (see Fig. 4.15), summa-
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rizing the results in Fig. 4.16 (c). For comparison, the T2 time obtained in the conventional

pulse ESR setup is also included. At the lowest temperature of 50 mK, the longest coher-

ence time and spectral diffusion time constant is observed. Upon temperature increase the

coherence times T2,CPWR and T2,LER decrease, exhibiting a T−1 dependence (see dashed line

in Fig. 4.16 (c)). TSD stays constant within the error margin, up to about a temperature of

240 mK, which corresponds to the Zeeman splitting of the high-field spin transition. Above

this temperature, T1 processes begin to contribute to the spectral diffusion process, further

reducing the respective time constant. However, the decrease of TSD with increasing tem-

perature is slower, than the decrease of T2,CPWR . At about 140 mK the two time constants

are of equal magnitude and for higher temperatures spectral diffusion is no longer the

limiting mechanism for the coherence time of the hybrid system. When the trend for both

T2 temperature series is extrapolated qualitatively, it would intersect with the results from

the conventional pulse ESR setup at about 10 K. From this temperature on T2 is limited

by T1 processes. However, above 1.5 K the found T2 times no longer follow this trend.

The dependence on temperature is reduced, but the data obtained so far is inconclusive

about, whether this is a change in dependence or an overall onset of saturation. In this

temperature regime, the thermal spin polarization is small, as well as the quality factor of

the microwave resonator is reduced, due to the degradation of the superconduction. Con-

sequently, the observed echo amplitudes are small, making a Hahn echo spectroscopy more

challenging. Nevertheless, the data from both measurement setups can be connect qual-

itatively. From the conducted temperature series two mechanisms are suggested, which

are attributed to the coherence time enhancement. In the following, a reduction of in-

stantaneous diffusion and the collective coupling between microwave resonator and spin

ensemble are discussed as possible sources for this enhancement.

Instantaneous diffusion describes the spin diffusion due to changes in local dipole fields,

induced by pulse excitation of the spin ensemble (see Sec. 4.3.2). A method to overcome

instantaneous diffusion in spin-echo pulse sequences is to reduce the angle Θ2 by which the

spin ensemble’s magnetization is rotated by the refocusing pulse [4, 72]. In this context,

the instantaneous diffusion time constant TID is given by [4]

TID =
8h

5µ0 (gePµB)2

1

[P]
sin−2 (Θ2/2) . (4.7)

Assuming a standard spin-echo pulse sequence, with Θ2 = 180◦ and a phosphorus donor

concentration of [P] = 1 × 1017 cm−3, Eq. (4.7) yields TID = 24.6µs. The result is in

good agreement with the by conventional pulse ESR found coherence time of 28µs at 8 K

(cf. Sec 4.3.2). To achieve an enhancement of about three orders of magnitude to either

T2,CPWR = 4.65 ms or T2,LER = 3.24 ms, a theoretical rotation angle of 9◦ or 10◦ would be

required, respectively.

Reducing the rotation angle Θ2 is equivalent to a reduction of the absolute number

of flipped spins. The coupled microwave resonator / spin ensemble system provides an

alternative way to modify the number of excited spins. By changing the collective coupling

g
eff

, the spectral overlap A of the pulse bandwidth with the spectral distribution of the

hybrid system can be tuned, whereas pulse amplitude and pulse length are held constant.

To this end, spin ensemble and resonator are tuned in resonance (ωr = ωs). The frequency

of the applied pulses is fixed to ωr , while the spectral overlap is tuned by changing g
eff

, e.g.

due to temperature (cf. Sec. 3.3.4). Figure 4.17 (a) plots three theoretical CW transmission
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Figure 4.17: (a) Calculated CW transmission spectra of a hybrid system as a function of the

detuning from the degeneracy point (ωr = ωs), for three different collective couplings geff (see

legend). The spectra are calculated using Eq. (3.44), where κ0/2π = 400 kHz and γ/2π =

500 kHz. All three spectra are normalized on the uncoupled resonator transmission. At the

resonance frequency the spectral distribution of a 500 ns long, rectangular microwave pulse is

shown (purple line), which is rescaled to be of comparable amplitude as the hybrid system

spectra. Note, that the length of the pulse is chosen shorter than in the actual experiment

to improve visibility. (b) Logarithmic scaled normalized reciprocal spectral overlap 1/A (left

axis) as a function of the logarithmic scaled temperature. For calculating the spectral overlap

between the hybrid system’s spectrum and the spectral distribution of the pulse, a 10µs long,

rectangular microwave pulse is assumed. For comparison, the in Sec. 3.3.4 derived model

function, describing the temperature dependence for the collective coupling geff of the high-

field spin transition (right axis), is also plotted.

spectra of a hybrid system as a function of the detuning from the degeneracy point (ωr = ωs)

with differing g
eff

, all normalized on the uncoupled resonator transmission. In addition, the

spectral distribution of a rectangular pulse is included, to illustrate the change in spectral

overlap A of the hybrid system and pulse for the different collective coupling strength.

As g
eff

is increased the spectral distribution of the pulse covers less of the spectrum of

the hybrid system. The power transferred into the spin ensemble is also reduced and

consequently the number of flipped spins. As a result, the contribution from instantaneous

diffusion gets suppressed.

In Section 3.3.4 the temperature dependence of the collective coupling g
eff

is investi-

gated. The dependence is described via the thermal spin polarization of the spin ensemble,

derived from the thermal population of the energy levels of the phosphorus donor spin sys-

tem. Using the found temperature dependence for g
eff

the spectrum of the hybrid system

is calculated using Eq. (3.44). The resonance frequencies are fixed to the degeneracy point

and κ0/2π = 400 kHz and γ/2π = 500 kHz are assumed. Finally, the spectral overlap A

between a 10µs long microwave pulse and the hybrid system spectra is determined as

a function of temperature. Figure 4.17 (b) shows the resulting spectral overlap, which is

plotted normalized and reciprocal to allow a better comparison to the additionally in-

cluded model function describing the temperature dependence for the collective coupling

of the high-field spin transition (see Sec. 3.3.4). Up to a temperature of about 1.5 K the

inverse spectral overlap 1/A follows a similar temperature dependence as g
eff

. A compar-

ison of the temperature regimes where both curves exhibit a T−x power-law dependence

(see Fig 4.17 (b)), shows that 1/A ∝ g2
eff

. This proportionality holds as long as the two

peaks of the resonator’s normal mode splitting are fully separated (g
eff
> κ0 , γ). When the
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two peaks start two merge (g
eff
< κ0 or γ), the inverse spectral overlap 1/A becomes less

dependent on temperature, until it gets constant for the limit when g
eff
� κ0 , γ.

The found temperature dependence of 1/A resembles the experimentally observed de-

pendence of the coherence time over a large temperature range. Therefore, the assumption

that the reduction of the spectral overlap has an equivalent influence on instantaneous dif-

fusion as the reduction of the rotation angle Θ2 of the refocusing pulse is confirmed. This

allows to establish the following proportionality for the instantaneous diffusion time con-

stant TID ,

TID ∝
1

sin2 (Θ2/2)
∝ 1

A
∝ g2

eff
. (4.8)

The result can describe the temperature dependence of the hybrid system’s coherence time

qualitatively, for temperatures above 200 mK. The T−1 dependence is in good agreement

with the experimental findings, as well as the transition to a weaker dependence on tem-

perature at about 1.5 K. For temperatures below 200 mK the suggested proportionality

of TID ∝ g2
eff

no longer describes the experimental data, from either the CPWR or the

LER. The data continuous to follow the T−1 dependence in this temperature regime (cf.

Fig. 4.16 (c)), while TID reaches a maximum at about 40 mK, subsequently followed by a

decrease of TID with decreasing temperature. Since amplitude, duration and frequency of

the applied microwave pulses are kept constant for the conducted experiments, only the

change in spectral overlap could influence the energy transferred to the spin ensemble and

consequently the instantaneous diffusion process, corroborating that TID is proportional to

g2
eff

. However, the discrepancy between the measured T2 times and the expected depen-

dence of TID on temperature, suggests that instantaneous diffusion is not the dominating

mechanism of decoherence for the hybrid system.

To verify, whether instantaneous diffusion is limiting the coherence time of the inves-

tigated hybrid system below 200 mK, Hahn echo spectroscopy experiments are performed,

using pulse frequencies deviating from the frequency of the degeneracy point, where ωr = ωs .

Following the preceding argument of increasing instantaneous diffusion with increasing

spectral overlap of the microwave pulse and the hybrid system’s spectrum. Therefore,

a pulse applied at the frequency of one of the two peaks of the resonator’s split normal

mode, would result in a significantly larger spectral overlap. Due to the larger overlap

TID is reduced, as well as the overall coherence time, for when instantaneous diffusion is

dominating the coherence. At a temperature of 50 mK a Hahn echo spectroscopy is con-

ducted on the LER / spin ensemble hybrid system for different static magnetic fields and

pulse frequencies. Note, that for each magnetic field value, the superconducting magnet is

set into the persistent current mode to reduce magnetic field fluctuations. The coherence

time T2 is determined for the upper and lower branch of the avoided crossing at the high-

field spin transition, as well as for the frequency center of mass between upper and lower

branch. Figure 4.18 (a) shows the CW microwave transmission |S21 |2 of LER B, coupled to

the phosphorus donor high-field spin transition as a function of the VNA frequency and

the static magnetic field, at T = 50 mK (cf. Sec. 3.4). The frequency and magnetic field

values, at which a Hahn echo spectroscopy is performed, are indicated by the symbols in

Fig. 4.18 (a). The applied spin-echo pulse sequence uses the in Sec. 4.3.1 determined pulse

amplitude and length.

The resulting coherence times for the upper and lower branches and their respective

frequency center of mass, are shown in Fig. 4.18 (b) as a function of static magnetic field.
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Figure 4.18: (a) Color encoded microwave transmission data |S21 |
2 as a function of the VNA

frequency and the magnetic field B0 . The central line of low transmission indicates the

resonance frequency dispersion of the LER, which is interrupted by an avoided crossing at

B0,HF = 172.54 mT, indicating the interaction between the microwave resonator and the high-

field spin transition of the phosphorus donor spin ensemble (cf. Sec. 3.4). The vertical dashed

lines indicate the static magnetic field values, at which a Hahn echo spectroscopy is performed,

and the symbols indicate the used pulse frequencies. (b) Coherence time T2 as a function of

the static magnetic field determined on the upper branch (blue symbols) and the lower branch

(red symbols) of the avoided crossing, as well as on the frequency center of mass of the upper

and lower branch (green symbols). The solid lines represent a model function, calculated using

the imaginary part of the eigenenergies of the Tavis-Cummings model, given in Eq.(3.36) (see

text for more details).

Not at every static magnetic field and pulse frequency a Hahn echo spectroscopy is con-

ducted, as the signal intensities are reduced for a large detuning from the microwave

resonator’s resonance frequency ωr . Note, that there is a small difference in resonance

frequencies between the two measurements, shown in Fig. 4.18 (a) and (b). For the CW

microwave transmission spectroscopy, the degeneracy point is found at a static magnetic

field of 172.54 mT, while it is located at 172.51 mT for the Hahn echo spectroscopy series.

The finite difference is attributed to magnetic hysteresis effects of the superconducting

microwave resonator, due to static magnetic field sweeps performed between the two mea-

surements [118]. At the degeneracy point, the coherence times obtained for the lower and

upper branch are T
2,5 = 3.9 ms ± 0.1ms and T

2,4 = 4.13 ms ± 0.2ms, respectively. The

found times are more than 20 % longer, than the time extracted at the frequency center

of T
2,© = 3.24 ms ± 0.08 ms, which is not expected from instantaneous diffusion. Here,
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a decrease in T2 would have been expected, due to the larger spectral overlap, when the

pulse frequency is centered on one of the two branches of the avoided crossing. Therefore,

the findings suggest, that instantaneous diffusion is not limiting the coherence time of the

hybrid system, at temperatures of 50 mK.

Tuning the static magnetic field away from the degeneracy point reveals a considerable

dependence on the magnetic field. T
2,4 is longest for magnetic fields smaller than the

field of the degeneracy point of 172.51 mT, and shortest for larger magnetic fields. T
2,5

exhibits an inverse dependence, intersecting with T
2,4 at the degeneracy point. Thus,

the coherence time of the hybrid system is increased the more resonator-like a branch

becomes and decreased when its characteristic becomes more spin-like. Note, that at

B0 = 173 mT a Hahn echo spectroscopy is still possible to conduct, despite the large

detuning of resonator and spin ensemble resonance frequency of about 15 MHz. The found

collective coupling between the high-field spin transition and the microwave resonator is

g
eff,HF

/2π = 1.23 MHz (see Sec. 3.4.1), which is more than a factor of ten smaller than the

resonance frequency detuning at B0 = 173 mT. Thus, even at this large detunings, the two

sub-systems can not be considered completely uncoupled. Assuming T
2,4 and T

2,5 saturate

for a large detuning of the static magnetic field, the behavior can be modeled qualitatively,

by the eigenstates of the Tavis-Cummings model (see Sec. 3.2.3). Thereby, Eq. (3.36)

describes the complex eigenenergies Eu/l
for the upper and lower branch of the avoided

crossing. |=(Eu/l
)/~| gives the loss rate evolution of the microwave resonator κ0 and the

spin ensemble γ over the course of the avoided crossing. Here, the respective effective loss

rates are defined by the coherence times, on which the upper and lower branches saturate,

assuming 5.5 ms and 2.4 ms, respectively. These times are translated via Eq. (4.2) to a

respective effective resonator-like loss rate of κ
eff
/2π = 31.83 Hz and a respective spin

ensemble loss rate of γ
eff
/2π = 66.31 Hz. The respective effective loss rates used in this

model are not representing the loss rates of the individual uncoupled sub-systems. They

rather correspond to a decoherence rate of the hybrid system in its resonator-like or spin-

like limits. Inserting the effective loss rates in Eq. (3.36), together with the in Sec. 3.4.1

determined parameters for the resonator resonance frequency ωr/2π = 4.756 GHz and the

collective coupling g
eff,HF

/2π = 1.23 MHz, their corresponding evolution is calculated. The

result is translated in a coherence time evolution via

T
2,4 /5 =

~
|=(Eu/l

)| , (4.9)

represented by the solid lines in Fig. 4.18 (b). The model can qualitatively describe the

evolution of the coherence times determined on the two branches of the avoided cross-

ings. Note, that the modeling assumes no incoherent coupling ginco , as in the discussion on

the asymmetric linewidth of the normal mode splitting in Sec. 3.4.2. Since a Hahn echo

spectroscopy compensates for inhomogeneous broadening effects, the incoherent coupling

is assumed to be also compensated by this measurement technique. The differing coher-

ence times determined in the two limits of the hybrid system, gives information about

the dominating decoherence mechanism. The two limits exhibit a considerable difference

in their static magnetic field dispersion (cf. Fig. 4.18 (a)). The more spin-like the hybrid

system becomes, the steeper gets its dispersion, approaching the dispersion relation of the

uncoupled high-field electron spin transition (see Sec. 2.2.1). In this regime, the hybrid

system is more susceptible to fluctuations in the static magnetic field. These translate via
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the Zeeman interaction in a fluctuation of the spin ensemble’s resonance frequency, which

results in an increased decoherence rate [11, 131]. Although, the superconducting magnet

system is operated in the persistent current mode, small fluctuations in the set field can

still occur. These can be attributed to flux creep in the superconducting solenoid, or to

mechanical vibrations of the magnet itself, induced by an incomplete decoupling from the

vibrations caused by the pulse tube cooler. In contrast, the influence of the static magnetic

field fluctuations on the coherence time decreases, as the coupled system becomes more

resonator-like. Here, the hybrid system approaches the static magnetic field dispersion

of the uncoupled microwave resonator, which can be assumed independent of the mag-

netic field within this small field region (cf. Fig. 4.18 (a)). Due to the almost vanishing

slope of the dispersion, the hybrid system is more robust against magnetic field fluctua-

tions, resulting in a longer coherence time. As the spin-like and the resonator-like limit

approaches a dispersion with a constant slope, also the respective coherence times settle

on a constant value, which is shown qualitatively by the experimental data. Therefore,

the experimental findings corroborate, that at a temperature of 50 mK fluctuations in the

static magnetic field are the dominating source of decoherence for the studied coupled mi-

crowave resonator / spin ensemble system. Additionally, due to the found dependence of

the coherence time on the magnetic field and the pulse frequency, instantaneous diffusion

can be ruled out as the limiting decoherence mechanism.

For concluding the discussion about the hybrid system’s coherence time, the depen-

dence of the T2 time on the high-field cooperativity CHF is analyzed. Note, that each

T2(CHF) is determined at an equal temperature. Figure 4.19 plots the coherence time,

extracted at the degeneracy point of the microwave resonator and the high-field spin tran-

sition, as a function of the high-field cooperativity, using a double logarithmic scaling.

Here, the T2,CPWR time from the CPWR / spin ensemble hybrid system is plotted for two

different cooperativities. As given in Eq. (3.45), the cooperativity is defined by the col-

lective couplingg
eff

, the microwave resonator loss rate κ0 and the spin ensemble loss rate

γ. For one data series, CHF is calculated using the spin loss rate γHF , obtained by fitting

Eq. (3.46) to the resonator transmission |S21 |2, at the static magnetic field of the high-field

spin transition (see Sec. 3.3.1). For the other data series, the by conventional pulse ESR

determined spin loss rate γ
Bruker

is utilized for the calculation (see Sec. 3.3.3). As discussed

in Sec. 3.3.3, the found γHF is larger than expected from the phosphorus doped 28Si crystal.

The increased loss rate is attributed to an inhomogeneous broadening of the electron spin

resonance line, due to an effect of the inhomogeneous the static magnetic field on the large

sample. Reference measurements in a commercial Bruker ESR spectrometer verified the

assumption, yielding the smaller loss rate γ
Bruker

(see Sec. 4.3.2). Additionally, γ
Bruker

is of

similar magnitude, as the loss rate found for the LER / spin ensemble hybrid system, for

which no influence of inhomogeneous broadening on the resonance line is observed, due

to the smaller sample used. As a result, the data series T2,CPWR(CHF), using γ
Bruker

, and

T2,LER(CHF) overlap, demonstrating the equivalence of both investigated hybrid systems.

In the evolution of the coherence time as a function of the cooperativity, three regimes

can be discriminated, showing differing dependencies. These regimes are attributed to the

three regimes of coupling, discussed in Sec. 3.2.4. For CHF < 1 the hybrid system is only

weakly coupled, exhibiting an onset of saturation for the T2 time, with deceasing coop-

erativity. In the high cooperativity regime (CHF < 1), the coherence time shows a direct

proportionality to the cooperativity. The preceding two regimes are in good agreement
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Figure 4.19: At the degeneracy point of microwave resonator and high-field spin transition

extracted coherence time T2,CPWR (blue symbols) and T2,LER (green symbols) as a function

of the high-field cooperativity CHF . T2 and the corresponding CHF are determined at similar

temperatures. The coherence time T2,CPWR of the CPWR / spin ensemble hybrid system is

plotted twice, for differently calculated CHF , using γHF , determined as described in Sec. 3.3.1

(filled blue circles), and using γBruker , determined in Sec. 3.3.3 (blue circles).

with the in Eq. (4.8) found dependence for the instantaneous diffusion time constant TID

on the collective coupling g
eff

. This corroborates, that a suppression of the instantaneous

diffusion process can account for the enhancement of the hybrid system’s coherence time,

in the weak coupling and the high cooperativity regime. However, for CHF > 4 the propor-

tionality changes to T2 ∝ C3
HF

, which is not expected from only considering the suppression

of instantaneous diffusion. It is assumed, that the change in proportionality is connected

to the onset of strong coupling between the microwave resonator and the phosphorus donor

spin ensemble. The preceding discussions, suggest static magnetic field fluctuations as the

dominating mechanism of decoherence, below 200 mK. However, a suppression of the in-

fluence from field fluctuations is only expected for the resonator-like hybrid system, and

not for the hybrid system tuned to its degeneracy point (cf. Fig. 4.18 (b)). Unfortunately,

the present experimental data on the hybrid system’s coherence time shows no clear indi-

cation on the underlying mechanisms of decoherence, at low temperatures. Still, further

investigations are required, to extend the available data for the strong coupling regime.

4.3.3 Inversion Recovery Spectroscopy

When exciting the magnetization of the spin ensemble by a microwave pulse, the mag-

netization’s projection on the quantization axis can be extracted by applying a spin-echo

pulse sequence. The echo signal from the equilibrium magnetization defines a reference,

as it yields the largest signal intensity. Thus, by subsequently increasing the waiting time

T, between an initial preparation pulse and the spin-echo pulse sequence, the relaxation of

the magnetization can be observed [72]. In conventional pulse ESR, the preparation pulse

fully inverts the magnetization and its complete recovery into the equilibrium is detected.

The obtained echo signal of the so-called inversion recovery pulse sequence exponentially

increases to the equilibrium intensity with increasing T [72]

I(T)

Iinput

∝ 1− 2e
− T
T1 . (4.10)
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Figure 4.20: Schematic inversion recovery pulse sequence, when using the magnitude detection

method [125]. Repeatedly applying the sequence, while increasing the wait time T, results in

an echo signal evolution as given in Eq. (4.11). The characteristic time constant of the echo

signal evolution corresponds to the longitudinal relaxation time T1 .

The characteristic time constant corresponds to the longitudinal relaxation time T1 . For

magnitude detection [125], the echo signal evolution changes to

I(T)

Iinput

∝
∣∣∣∣1− 2e

− T
T1

∣∣∣∣ . (4.11)

Figure 4.20 schematically shows the inversion recovery pulse sequence, for the case of mag-

nitude detection.

In the following, the microwave resonator / spin ensemble hybrid system is studied by

inversion recovery spectroscopy. The T1 time is determined for temperatures, ranging

from 50 mK to 4 K. The acquired relaxation times are compared to results obtained by

conventional pulse ESR, either from Ref. [4], or from reference measurements on similar

prepared phosphorus doped 28Si crystals (cf. Sec. 2.2.2), using the commercial Bruker

electron spin resonance spectrometer, as described in Sec. 4.3.2. Finally, the influence of

the coupling, between microwave resonator and spin ensemble, on the energy relaxation is

discussed.

Millikelvin Inversion Recovery Spectroscopy

The microwave resonator / spin ensemble hybrid system is studied in the cryogen free

dilution refrigerator setup (cf. Sec. 2.3.1). The T1 time is extracted as a function of

temperature and for both hybrid systems, comprising the CPWR and the LER. Thereby,

the high-field spin transition of the phosphorus donor spin ensemble is either coupled to

the first harmonic of the CPWR, or to resonator B of the LER (cf. Sec. 3.3.1 and Sec. 3.4.1,

respectively). The applied pulses for the inversion recovery sequence are determined as

outlined in Sec. 4.3.1. As with the Hahn echo spectroscopy in Sec. 4.3.2, the inversion

recovery pulse sequence is applied at the degeneracy point of resonator and spin ensemble,

where ωr = ωs,HF .

Figure 4.21 (a) and (b) show the integrated echo signal of the inversion recovery spectro-

scopies as a function of the wait time T at 50 mK, using the CPWR and LER, respectively.

For both inversion recovery spectroscopies no complete inversion of the observed spins is

achieved. Using the CPWR about 50 % of the spins are inverted, while with the LER

about 60 % of the observed spins are inverted. The incomplete inversion of the observed

spins is attributed to the limited microwave power, which can be applied to the resonator

in this setup (cf. Sec. 2.3.1). Furthermore, the difference in inverted spins is assumed to

be a result of the differing collective coupling strength g
eff

of both hybrid systems. As g
eff

for the LER is about 10 % larger than for the CPWR, the energy transfer between LER

and spin ensemble is more effective, resulting in a more effective inversion of the observed

spins.
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Figure 4.21: Integrated echo signal as a function of the wait time T obtained from a inversion

recovery spectroscopy on the hybrid system at 50 mK, using the CPWR and LER (symbols

in (a) and (b), respectively). The solid lines represent a fit to the echo signal, with the

proportionality given in Eq. (4.11).

The extracted relaxation times for the CPWR and LER are T1,CPWR = 58.71 s ± 5.1 s

and T1,LER = 196.81 s ± 17.4 s, respectively. From Ref. [115–117] a T1 time for the CPWR

(LER) of 46 s (54 s) is expected, extrapolated for 50 mK, a static magnetic field of 178.5 mT

(172.5 mT) and a phosphorus donor concentration of [P] = 1 × 1017 cm−3, assuming an

energy relaxation via a direct phonon process in the low temperature limit. The determined

T1,CPWR is comparable to the expected relaxation time. In contrast, T1,LER is about a factor

of four longer than expected. For both experiments the same phosphorus doped 28Si

crystal is utilized, suggesting that the observed difference is connected to the coupling to

the microwave resonator.

To reveal a possible dependence of T1 on g
eff

, a temperature series is conducted, de-

termining the relaxation time in a temperature range between 50 mK and 4 K, for both

hybrid systems. At each set temperature, the inversion recovery spectroscopy is performed

at the degeneracy point of the hybrid system, prior identified by CW spectroscopy. The

found relaxation times T1,CPWR and T1,LER are summarized in Fig. 4.22. For reference, T1

for similar prepared 28Si crystals is determined for temperatures ranging from 6 K to 13 K,

in a conventional pulse ESR setup, introduced in Sec. 4.3.2.

First, the from an uncoupled phosphorus donor spin ensemble expected dependence

of T1 on temperature shall be discussed. Over the experimentally investigated tempera-

ture range, the longitudinal relaxation time is expected to exhibit several changes in its

dependence on temperature (solid and dotted lines in Fig. 4.22). For temperatures above

6 K, T1 decreases exponentially with increasing temperature. Here, the dominating re-

laxation process is given by resonance fluorescence by phonons, which are resonant with

one of the phosphorus donor electron doublet or triplet energy states [116]. In its excited

state, the donor electron spin can relax before reemitting the absorbed phonon, being

more effective than a spin relaxation in the donor electron ground state. Below 6 K, T1 is

known to exhibits a transition to a power-law dependence, corresponding to two phonon

Raman spin scattering processes [115, 116]. In this region, a T−9 and a T−7 dependence

contribute to the evolution of T1 , corresponding to spin flip mechanisms due to spin-orbit

interactions or anisotropic Zeeman interactions of the donor electron doublet state, re-

spectively [116]. For the experimentally found relaxation times, the Raman processes are



86 4.3 Multiple Pulse Spectroscopy

» T
-1

» T
-3

0.01 0.1 1 10
Temperature (K)

10-2

10-3

10-4

T
1 

(s
)

10-5

10-1

1

101

102

103

Simu for 345 mT

Simu for 172.5 mT

Con. ESR T
1

345 mT

T
1,CPWR

 178.5 mT

T
1,LER

 172.5 mT

Figure 4.22: Longitudinal relaxation time T1 of the 28Si crystal containing a phosphorus donor

concentration of [P] = 1×1017 cm−3 as a function of temperature. The plot summarizes the T1
times determined by conventional pulse ESR (orange symbols) and extracted from the hybrid

system, comprising either LER B (green symbols) or the CPWR (blue symbols). The solid

and the dotted lines represent a model function, showing the from an uncouple phosphorus

donor spin ensemble expected temperature dependence of T1 , for a static magnetic field of

172.5 mT and 345 mT, respectively. The dashed lines are intended as guides for the eye,

illustrating the temperature dependence of the experimental data.

surpassed by the at low temperature dominating direct phonon process. For the given

phosphorus donor concentration, the direct phonon process is strongly enhanced, mask-

ing the contributions from the Raman processes [115, 116, 132]. For a dominating direct

phonon process T1 ∝ T−1 [115, 116, 133]. This process dominates as long as the energy of

the phonons is sufficient to excite an electron spin. When the thermal energy is reduced

below the Zeeman energy splitting (kBT < gePµBB0), thermal phonons no longer can con-

tribute to the relaxation process. In this low temperature limit, the longitudinal relaxation

time becomes temperature independent [117,134,135].

The during the course of this thesis acquired T1 data, on the 28Si crystal containing a

phosphorus donor concentration of [P] = 1 × 1017 cm−3, exhibits the transition from the

exponential to the linear temperature dependence below 6 K. As expected, the data around

6 K shows no clear evidence for a power-law temperature dependence, corresponding to

two phonon Raman relaxation processes. Down to a temperature of about 230 mK, the T1

time of both hybrid systems is of similar magnitude and exhibits a linear dependence on

temperature, suggesting a direct phonon process as the leading mechanism of relaxation.

Below 230 mK, the dependence on temperature becomes stronger, with T1 ∝ T−3, which

strongly differs from the expected temperature independent behavior.

However, the results from both setups cannot be directly compared, as they are ac-

quired at different static magnetic fields. Besides a temperature dependence, the direct

phonon and the T−7 Raman process also show a strong dependence on the applied static

magnetic field B0 , with respective dependencies of ∝ B−4
0
T−1 and ∝ B−2

0
T−7 [116, 133].

In the low temperature limit, the dependence of the direct phonon process changes to

T1 ∝ B−5
0

[117,134,135]. To allow a comparison of the obtained data, two model functions

are included in Fig. 4.22, representing the expected temperature dependence for the two

individual static magnetic fields applied during the experiments. For the experimental

data concerning the hybrid system, only one model function is shown, since the applied

B0 for both temperature series is of comparable magnitude. The model function for the
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relaxation rate 1/T1 is given by

1

T1

= K1e
− ∆
k
B
T

+K2B
2
0
T 7 +K3B

4
0
T +

gePµB

k
b

K3B
5
0
. (4.12)

The first term on the right hand side of the model function corresponds to resonance

fluorescence, the second to a Raman process, the third to a direct phonon process and

the last to the low temperature limit of the direct phonon process. The model is based

on the results of Ref. [115–117] and is adapted for the investigated 28Si crystal. K1 ,

K2 , K3 and ∆ are considered as free parameters and are determined to 1.1 × 108 s−1,

9.1 × 10−5 s−1T−2K−7, 105.2 s−1T−4K−1 and 123 K, respectively

Within the investigated temperature region, the T1 of the hybrid system is shorter than

the expected T1 for an uncoupled spin ensemble, for B0 = 172.5 mT, except for the lowest

investigated temperature. Between 230 mK and 4 K the hybrid system’s relaxation time

is about a factor of 50 shorter than expected, while below 230 mK the differnece becomes

smaller with decreasing temperature, showing a temperature dependence proportional to

T−3. At T = 50 mK, T1,CPWR is comparable to the expected value, while T1,LER is about a

factor of four longer than expected.

The discrepancy between 230 mK and 4 K can be attributed to a finite error in the

absolute phosphorus donor concentration. For the investigated donor concentrations, T1

exhibits a strong dependence on the actual concentration [115, 132]. Figure 4.23 plots

the relaxation rate 1/T1 as a function of the phosphorus donor concentration in natSi,

taken from Ref. [115]. The different samples are investigated at a temperature of 1.25 K

and a static magnetic field of 320 mT. Two distinct regions can be identified for the

relaxation rate. A concentration independent region below 1016 cm−3 and a region which

strongly depends on the phosphorus donor concentration above 1016 cm−3, following a

[P]9 dependence. An uncertainty of about 20 % in concentration would translate in an

uncertainty of more than an order of magnitude in the relaxation rate (highlighted area

in Fig. 4.23. The data extracted from the hybrid system would be well inside this error

margin. The T1 time determined at 6 K by conventional pulse ESR, also shows a large

uncertainty, tolerating a 20 % uncertainty in concentration, too. Furthermore, the exact

phosphorus donor concentration was not verified during the course of this thesis, justifying

the assumption of a finite error in the absolute phosphorus donor concentration. Thus,

when considering an about 20 % higher phosphorus donor concentration, the expectations

from the model function would coincide with the experimental data, for temperatures

ranging from 230 mK to 4 K.

The increase of the T1 time below a temperature of 230 mK, however,is not corroborated

by the model function. The observed difference to the expected behavior is suggested to be

connected with the collective coupling between microwave resonator and spin ensemble.

The underlying process is assumed to relate to the enhancement of the phase memory

time, discussed in Sec. 4.2.2. Here, the prolonged FID is attributed to the relaxation

of antisymmetric energy states, to which the hybrid system’s superradiant energy states

can couple under the influence of e.g. an inhomogeneous broadening or dipole-dipole

interactions among the spins [31, 121]. These antisymmetric energy states of the spin

ensemble no longer contain the ground state, like e.g. the singlet energy state for two

spin 1/2. An additional change of angular momentum would be required to access the

ground state, which the resonator can not provide. In this context, a trapping of the
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Figure 4.23: Relaxation rate 1/T1 as a function of the phosphorus donor concentration, at a

temperature of 1.25 K and a static magnetic field of 320 mT. The data is obtained from

Ref. [115].

polarization can occur, prohibiting a relaxation to the equilibrium [31]. A characteristic

of such a process would be a bi-exponential recovery of the magnetization, observed in

an inversion recovery spectroscopy. The acquired integrated echo signals as a function of

the wait time T, at 50 mK show only an onset of complete saturation, for both hybrid

systems (cf. Fig. 4.21). Extending the wait time could reveal the presence of a second time

constant. As a consequence, the determined relaxation times would be a superposition of

a short and a long time constant, not representing the actual time required by the system

to reach full equilibrium.

Finally, the obtained data on the relaxation time of the microwave resonator / phosphorus

donor spin ensemble hybrid system demonstrates the applicability of known concepts from

conventional pulse ESR. The expected behavior differs from the experimental observation,

when the interaction between the two subsystems becomes strong. The conducted experi-

ments are a proof of principal, that the regime of strong coupling is indeed a field of most

interest, since it can have a significant influence on the known behavior of the individual

subsystems.



Chapter5
Summary & Conclusion

The thesis concentrats on the spectroscopic investigation of a hybrid system, constituated

of a superconducting coplanar microwave resonator and an ensemble of phosphorus donor

spins in an isotopically purified 28Si host crystal. The hybrid system is studied, utilizing

two different designs of microwave resonators, a coplanar waveguide resonator (CPWR)

and a lumped element resonator (LER), both based on superconducting niobium. Em-

ploying continuous wave (CW) and pulsed spectroscopy techniques, the hybrid system is

characterized in the frequency and the time domain, respectively. The results demonstrate

the great potential of hybrid systems, in the field of quantum information processing.

During the course of this thesis, pulsed microwave spectroscopy experiments have been

performed, at millikelvin temperatures. Applying the well known concepts of pulsed elec-

tron spin resonance, the dynamical response as well as the intrinsic relaxation and coher-

ence time of the hybrid system are investigated. By single pulse spectroscopy, the hybrid

system’s steady state response to a high power and long microwave pulse is analyzed. The

resonator normal mode splitting could be resolved by this method, equivalent to the re-

sults obtained from CW spectroscopy. The parameters of the hybrid system are extracted,

using the evaluation procedure utilized in the analysis of the CW data. Investigating the

normal mode splitting at the beginning of the microwave pulse, both measurement meth-

ods yield comparable parameters. Additionally, pulsed ESR spectroscopy using a single

pulse excitation scheme performed at small detunings from the degeneracy point, revealed

a third hybrid mode. The magnetic field dispersion of the three modes is investigated and

modeled by a modified Tavis-Cummings model, including an additional excitation. The

model allowed a qualitative description of the three hybrid mode’s resonance frequency

dispersion. The free induction decay after a single high power microwave pulse, exhibited

a bi-exponential decay. The additional decay process is attributed to subradiant energy

states, which suppress the decoherence mechanisms. A remarkable enhancement of the

decay time is found, in respect to the from an uncoupled spin ensemble expected decay

time. The longest decay time is found at the resonance frequency of the additional hybrid

mode, which is determined to 39.4µs, corresponding to an enhancement of more than two

orders of magnitude.

The coherence time of the hybrid system is determined systematically by Hahn echo

spectroscopy, in a temperature range between 50 mK and 4 K. By comparing the results

with the coherence time obtained from conventional pulsed electron spin resonance for

89
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temperatures from 6 K to 15 K, an exceptional and unexpected enhancement of more than

two orders of magnitude is found for the hybrid system at the lowest temperature. Over

the investigated temperature range, the coherence time of the hybrid system is found to in-

crease linearly with decreasing temperature, whereas the coherence time would have been

expected to be temperature independent. These findings are modeled by a suppression of

instantaneous diffusion, due to a decreased spectral overlap between the microwave pulse

spectrum and the hybrid system’s spectrum, which is equivalent to a smaller rotation

angle of the spin system’s magnetization. The model allows to describe the temperature

dependence of the coherence time down to a temperature of 200 mK. Below 200 mK, it

differs from the experimentally observed dependence, suggesting that at this temperatures

instantaneous diffusion is no longer dominating the decoherence mechanism. These exper-

iments are performed at the degeneracy point of the hybrid system, where pulse frequency

and spin transition frequency of the spin ensemble are in resonance. At 50 mK, the hybrid

system’s coherence time is also determined at the resonance frequencies of the two hybrid

modes as a function of the detuning from the degeneracy point. For large detunings, the

hybrid system’s dispersion approaches the individual dispersions of the resonator and spin

ensemble, becoming more resonator-like or spin-like. For when the hybrid system becomes

more resonator-like, the coherence time is found to be even more enhanced, compared to

the coherence time extracted at the degeneracy point. Contrary, the coherence time is

reduced for the more spin-like hybrid system. This is attributed to a suppressed influ-

ence from magnetic field fluctuations, as the magnetic field dispersion of the resonator-like

branch of the hybrid system flattens out. Finally, the dependence of the coherence time on

the cooperativity of the hybrid system is discussed, where three different regimes are iden-

tified and classified by the three coupling regimes: (i) In the regime of weak coupling the

coherence time shows only a weak dependence on the cooperativity, indicating an onset of

saturation. (ii) In the regime of high cooperativity a linear dependence between coherence

time and cooperativity is found and (iii) in the strong coupling regime this increases to a

cubic dependence.

The relaxation time of the hybrid system is studied using a inversion recovery pulse

sequence, in a temperature range between 50 mK and 4 K. Down to a temperature of

230 mK the relaxation time can be described with the expectations from an uncoupled

spin ensemble. The modeling of the relaxation time includes an exponential decrease

above 7 K, due to resonance fluorescence by phonons, a T−7 Raman process between 6 K

and 7 K and a T−1 direct phonon process for low temperatures. For temperatures below

230 mK, the relaxation time exhibited a T−3 dependence on temperature, significantly

differing from the temperature independent behavior, reported in the literature. In this

temperature regime, the hybrid system is assumed to couple to long living subradiant

energy states, in which the polarization is effectively trapped.

By CW spectroscopy, the CPWR / phosphorus donor spin ensemble hybrid system

is shown to operate in a regime of high cooperativity [3]. At a temperature of 50 mK,

a collective coupling g
eff
/2π = 1.13 MHz and 1.07 MHz between the spin ensemble and

the microwave resonator is determined for each of the two hyperfine split phosphorus

donor spin transitions. The resulting collective coupling is corroborated quantitatively

by numerical calculations. For the given microwave resonator design, a theoretical max-

imum value of g
eff,theo

/(2π) = 3.17 MHz is expected and the discrepancy is attributed

to a finite gap present between the superconducting resonator surface and the phospho-
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rus doped 28Si crystal. The found loss rates of the phosphorus donor spin ensemble

γ/2π = 1.38 and 1.40 MHz exceeded both the collective coupling rate, preventing the

hybrid system to reach the strong coupling regime. Measurements on similarly prepared
28Si crystals in a commercial electron spin resonance spectrometer showed a loss rate of

γ
Bruker

/2π = 530 kHz, which is also in agreement with the results from the experiments

comprising the LER. This allows to attribute the increase in loss rate to a inhomogeneity

of the static magnetic field generated by the superconducting magnet. Additionally, the

experimentally found temperature dependence is modeled by a statistical function, which

considers the thermal polarization of the spin ensemble. The derived statistical function

shows to be in excellent agreement with the determined collective couplings, showing a

scaling of g
eff

with the square root of the number of thermally polarized spins.

The change of the microwave resonator design from the CPWR to the LER, allowed to

circumvent the inhomogeneities of the static magnetic field, due to its more compact design.

This pushed the LER / phosphorus donor spin ensemble hybrid system into the regime of

strong coupling, which is demonstrated for the first time for phosphorus donors in silicon.

In these experiments, the CW microwave transmission of the resonator exhibited a clear

normal mode splitting, with two well separated hybrid modes. However, the two hybrid

modes showed a distingtly different linewidth for the two split modes at the degeneracy

point, which is not expected from the Tavis-Cummings model. Therefore, the parameters

for the resonator and spin ensemble loss rate are determined at their individual dispersions,

far detuned from the degeneracy point, while the collective coupling is determined by the

normal mode splitting. The collective coupling is identified to 1.37 MHz and 1.23 MHz for

both hyperfine split phosphorus donor spin transitions, exceeding the resonator loss rate of

410 kHz as well as the respective spin ensemble loss rates of 529.29 kHz and 456.77 kHz. To

explain the asymmetric linewidth of the normal mode splitting, the Tavis-Cummings model

is extended to include a complex microwave drive and an incoherent coupling process. This

incoherent process is assumed to couple the resonator and the spin ensemble indirectly via a

bath of vacuum field modes, which could be provided by the broadband coplanar waveguide

feedline, present for the LER design. The introduced model can qualitatively describe

the evolution of the hybrid mode’s linewidth dispersion. Furthermore, the characteristic

shape of the resonator’s microwave transmission spectrum can be described by this model

with very good agreement. The extracted collective coupling for both phosphorus donor

spin transitions are 1.32 MHz and 1.15 MHz, while the incoherent coupling is identified to

265 kHz. The results still exceed the resonator loss rate of 410 kHz as well as the via the

extended model determined respective spin ensemble loss rates of 596 kHz and 602 kHz.

In summary, the presented results demonstrate the vast potential of hybrid systems

in the field of quantum information processing. These systems grant the advantages of

both constituents, while simultaneously their individual limitations are overcome. Still,

the individual subsystems can be tuned independently from each other, when it is required.

This tunability allows a continuous transition between the coupled and uncoupled state,

with the hybrid system to be able to provide a regime with long coherence times, as

well as a regime with strong interactions. Furthermore, the studies on the characteristic

time constants of the hybrid system revealed the impact of the collective coupling. By

controlling the collective coupling, the storage properties can be tuned on an extraordinary

large scale. The investigated system allows to change its coherence time by two orders of

magnitude, exceeding the coherence time of the individual subsystems. Furthermore, the
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longest achieved coherence time is in the same order of magnitude as expected from spin

ensembles containing a two orders of magnitude lower phosphorus donor concentration [4].

This allows to realize long, as well as tunable, storage times, while maintaining an excellent

signal quality due to the high doping concentration. Combining these properties with the

generation of additional long living states in the hybrid system, under the influence of high

power microwave pulses, opens up new possibilities for storage applications. By achieving

a direct preparation of these states, a multi mode storage could be implemented in a

single hybrid system, within a decoherence free subspace [120]. For a spin 1/2 system, the

dimension of such a subspace would be N/2, where N gives the number of spins. Thus,

a spin ensemble based hybrid system would allow to store a vast amount of information.

Already, schemes are being investigated, which allow the preparation of long living states

in a hybrid system [38]. This thesis, represents an initial step towards a full control of the

hybrids system’s coherence time. Further, an initial scheme is investigated to allow for a

preparation of long living states within the hybrid system.

Optimizing the applied microwave pulses, to compensate for the oscillating magnetic

field inhomogeneities, inherent to the coplanar design [78], would allow a more definite

preparation of the hybrid system. This could be realized by adiabatic pulses [136] or

optimal control pulses [137, 138]. Pulse optimization could be the key for a definite state

preparation, allowing for the engineering of long living states.

By changing the collective coupling between the microwave resonator and the phos-

phorus donor spin ensemble, the coherence time as well as the relaxation time could be

controlled. However, this process always involved a change in temperature. More desirable

would be an in-situ control of the collective coupling, without changing the experimen-

tal parameters of the resonator and the spin ensemble. A possible approach for such an

endeavor, is to utilize piezo nano positioners for an in-situ control of the relative sample

position on the coplanar microwave resonator. By changing the distance between resonator

surface and the spin ensemble’s host crystal, the collective coupling will become tunable.

This allows for an investigation on the dependence of the hybrid system’s coherence time

and relaxation time on the collective coupling at a constant temperature. Furthermore,

considering the incoherent coupling process assumed for the LER experiments, an in-

situ sample positioning can also be used to test this assumption. For these experiments,

the phosphorus doped 28Si crystal also covers the broadband feedline for the LERs (cf.

Fig. 2.11 (b)), which is assumed to act as a bath of incoherent vacuum field modes. By

changing the overlap of the 28Si crystal on the feedline a change in the incoherent cou-

pling would also be expected, verifying whether incoherent coupling is responsible for the

asymmetric linewidth of the normal mode splitting.

Recent experiments on the electrical control of single phosphorus donor spin qubits

[139] demonstrated an alternative way of tuning a phosphorus donor electron spin. By

applying an electrical field to the donor, the electron wave function can effectively be shifted

away from the donor. Hereby, the hyperfine interaction between the donor and the electron

is changed, which is known as the Stark effect. A change in the hyperfine interaction would

directly translate in a change of the electron’s Larmor frequency. Implementing such

an electrical control for the hybrid system, would allow for fast modulations of the spin

ensemble’s resonance frequency. This would be a clear advantage over the rather slow static

magnetic field tuning, which requires about 25 s for a small field change. Furthermore, the

well known concept of magnetic field modulations could also be implemented on this way,
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boosting the sensitivity of the millikelvin setup.

Considering the outlined improvements an enhanced control on the hybrid system can

be achieved. This would allow a more detailed study of the hybrid system’s inherent

potential, which could pose a major step towards the realization of a quantum computer,

and also maybe to “the Answer to the Great Question of Life, the Universe and Everything”

[1].
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AppendixA
Appendix

A.1 Tranmission Function |S
21
|2 Including Phosphorus Donors

Using Eq. (3.46), the microwave transmission of the superconducting coplanar waveguide

resonator / phosphorus donors spin ensemble hybrid system is modeled. The function is

modified to include a dependence on the static magnetic field B0 , which is used to tune the

spin ensemble’s resonance frequency ωs . The modified function is based on the transmission

function derived in Sec. 3.2.4, which is given by

|S21 |2 =

(
η

κ0

)2 ∣∣∣∣ κ0

i∆r + κ0 +
g2
eff

i∆s+γ

∣∣∣∣2, (A.1)

where the resonance frequencies of the microwave resonator and the spin ensemble are

included in the respective detuning via ∆r = ωr − ω and ∆s = ωs − ω. The spin ensemble’s

resonance frequencies are determined by the solutions of the spin Hamiltonian, given in

Sec. 2.2.1. The resonance frequency for the LF and HF spin transitions are

ω
s,LF/HF

= ± A
2~

+
B0

2~
(gePµB + gNPµN) +

1

2~

√
A2 +B2

0
(gePµB − gNPµN)2. (A.2)

Including this expression in a fit function would decrease its effectiveness, due to the large

amount of parameters. Therefore two simplifications are made. Since the nuclear mag-

netic moment is three orders of magnitude smaller than the electron magnetic moment, its

contribution to the electron spin resonance frequency can be neglected at the in the exper-

iments applied static magnetic fields. Additionally, the characteristic hyperfine splitting

of 4.2 mT is also much smaller than the used static magnetic fields, allowing to neglect it

in the square root term. Thus, the spin ensemble’s resonance frequencies simplifies to

ω
s,LF/HF

= ± A
2~

+
gePµB

~
B0 =

gePµB

~
B

0,LF/HF
, (A.3)

including the hyperfine splitting in the expression for the resonance fields B
0,LF/HF

. For

the drive frequency ω only the electron Zeeman is assumed

ω =
gePµB

~
B0 . (A.4)
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Inserting the expressions for ωs and ω in Eq. (A.1) yields the fit function used in Sec. 3.3.1

|S21 |2 =

(
η

κ0

)2 ∣∣∣∣ κ0

i(ωr − ω) + κ0 +
2∑

n=1

g2
eff

i
g
eP
µ
B

~
(
B0,n −B0

)
+ γ

∣∣∣∣2, with n = LF,HF.

(A.5)
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A.2 Transmission Spectra for LER A and C

Figures A.1 and A.2 show the microwave transmission spectra obtained for the hybrid

system, comprising LER A and LER C, respectively.
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Figure A.1: Spectroscopy data of the superconducting lumped element resonator A coupled

to the phosphorus spin ensemble taken at a temperature of 50 mK and an input microwave

power of 40 aW. (a) Color coded microwave transmission data |S21 |
2 as a function of the

VNA frequency and the magnetic field B0 . The central line of low transmission indicates the

resonance frequency of the LER. At B0,LF = 166.72 mT and B0,HF = 170.84 mT the resonator

and the spin ensemble are in resonance reducing the absorption depth. These resonances

are separated by 4.14 mT, characteristic for the hyperfine splitting of phosphorus donors in

silicon. (b) Effective linewidth (circles with error bars) of the resonator κ determined by

the lorentzian fit (3.56) to the data in (a). (c) Resonator transmission |S21 |
2 (circles) at

B0 = 170.84 mT (black dashed line in (a)), the resonance field of the high field spin transition.

The resonator mode exhibits an onset of a normal mode splitting, without a clear separation

in two individual transmission dips.
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Figure A.2: Spectroscopy data of the superconducting lumped element resonator C coupled

to the phosphorus spin ensemble taken at a temperature of 50 mK and an input microwave

power of 40 aW. (a) Color coded microwave transmission data |S21 |
2 as a function of the

VNA frequency and the magnetic field B0 . The central line of low transmission indicates the

resonance frequency of the LER. At B0,LF = 174.05 mT and B0,HF = 178.24 mT the resonator

and the spin ensemble are in resonance resulting in an avoided crossing. These resonances

are separated by 4.19 mT, the characteristic for the hyperfine splitting of phosphorus donors

in silicon. (b) Effective linewidth (circles with error bars) of the resonator κ determined

by the lorentzian fit (3.56) to the data in (a). (c) Resonator transmission |S21 |
2 (circles)

at B0 = 178.24 mT (black dashed line in (a)), the resonance field of the high field spin

transition. The resonator mode exhibits the characteristic normal mode splitting resulting in

two individual transmission dips separated by 2geff .
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